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A fully coupled 2D fluid–solid direct numerical simulation (DNS) approach is used to simulate co-flow
flame spread over poly(methyl methacrylate) (PMMA) at different angles of inclination. Comparison of
simulations and experimental measurements are conducted over a range of flame spread rates. Results
show that the heat flux to the preheating region varies considerably in time — contradicting often
employed assumptions used in established flame spread theories. Accounting for the time dependent
behavior is essential in accurate predictions of flame spread, however, a universal characterization
in terms of easily defined parameters is not found. Alternatively, a reaction progress variable based
embedded flame model is developed using mixture fraction, total enthalpy and surface temperature.
State maps of the gas-phase properties and surface heat flux are constructed and stored in pre-computed
lookup tables. The resulting model provides a computationally efficient and a local formulation to
determine the flame heat flux to the surface resulting in excellent agreement to DNS and experiments
for predictions of flame spread rate and position of the pyrolysis front.

© 2008 The Combustion Institute. Published by Elsevier Inc. All rights reserved.

1. Introduction

Flame spread is an important topic for addressing fire safety
concerns and it is often classified as either counter-current (op-
posed) or concurrent. For counter-current flame spread, the direc-
tion of flame spread is opposite to that of oxygen diffusion result-
ing in a steady flame spread rate that has been well described by
previous extensive theoretical [1–4], numerical [5] and experimen-
tal [5,6] studies. Concurrent flame spread for vertically oriented
surfaces (upward) in buoyancy driven flames are, however, much
less understood. The fundamental challenge with upward flame
spread is an adequate description of the time dependent coupled
fluid–solid processes as the flame grows.

Early theoretical estimates of upward flame spread for laminar
flames rely on approximate similarity solutions for the flow us-
ing a translating coordinate system located at the pyrolysis front
(the flame spread rate is assumed constant) and steady-state heat
conduction solutions for the solid phase are obtained by assuming
either a thermally thick or thin material [7]. Orloff et al. [8] and
then later Saito et al. [9,10] employed a “leap-frog” description of
a turbulent flame where a power law relation between the flame
height (S f ) and pyrolysis length (Sp), i.e., S f (t) = β Snp(t) is used,
to couple the fluid and solid phases — a useful approximation that
is still commonly used. The time-to-ignition for each stage of the
leap-frogging time is determined by using a thermally thick solu-
tion for the temperature in the solid phase by assuming a constant
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heat flux during each stage. More recently, Delichatsios et al. de-
veloped similarity solutions for turbulent upward flame spread as-
suming the time-to-ignition is a linear function of time [11]. Flame
spread solutions are determined for three cases: constant heat flux,
an assumed power law dependence of heat flux, and constant igni-
tion time. In all cases, an assumed power-law relation between S f
and Sp is employed, similar to that of Orloff et al. [8] and Saito et
al. [9,10]. Excellent agreement is reported between the theory and
detailed numerical predictions of Sp for constant heat flux, how-
ever, less satisfactory agreement is shown between the theory and
experimental measurements.

Recent numerical studies of Kumar et al. [12] and Consalvi et
al. [13] have confirmed the importance of temporally varying heat
flux in detailed numerical calculations. In the latter study, the
time dependent evolution of both the solid and gas phases are
solved simultaneously for flame spread over PMMA in the context
of a Reynolds-averaged Navier–Stokes equations (RANS) formula-
tion. Predictions of heat flux show a rapid rise and then gradually
decay with time for a given spatial location. These results are in
agreement with recent findings of Rangwala et al. [14] who have
shown the impact of a time dependent heat flux by using a revised
definition of the mass transfer number (i.e., the B number) in Em-
mons solution [15]. Improved predications of pyrolysis growth are
reported with a time dependent B number when compared to ex-
periments.

Experimentally, Quintiere [16] and Drysdale and Macmillan [17]
have examined upward and downward flame spread over PMMA at
several angles of inclination. Quintiere identifies two categories of
upward flame spread corresponding to gravity assisted (i.e., flame
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below the material) and gravity opposed (i.e., flame above the ma-
terial) configurations. In both of these studies, as much as a factor
of two decrease in flame spread rates is observed for both config-
urations when the material is oriented from a vertical position to
±60◦ . A flame spread theory is developed by Quintiere for ther-
mally thin materials using a modified Grashof number to account
for the inclination angle along with experimentally developed heat
transfer correlations from Ahmad and Faeth [18] and Roper et
al. [19]. The resulting heat flux to the preheating region of the ma-
terial is given in terms of the pyrolysis length, cosine of inclination
angle, etc., but the spatial distribution of the heat flux within the
preheating zone is assumed constant. The resulting predictions are
shown to be in qualitative agreement with experiments.

With the advent of high performance computing, direct numer-
ical simulation (DNS) of reacting flows is shedding new light on
existing flame theories and providing guidance for the construc-
tion of subgrid scale (SGS) models for use with either large eddy
simulation (LES) or Reynolds-averaged Navier–Stokes (RANS) [20].
The use of DNS for fire related problems is in its infancy and pro-
vides a rich area to explore the limits of existing theories of flame
spread and develop new SGS models for use with LES and RANS.
The scope of the current study is to use 2D DNS to examine the
process of flame spread for gravity opposed material orientations.
The objectives for using this level of detail is two-fold. The first is
to explore commonly used assumptions in flame spread modeling
theory that can be studied in detail using DNS (e.g., constant heat
flux in preheating zone, 1D heat transfer in solid, power-law de-
pendence between S f and Sp , etc.). One of the findings that will
be presented from this activity is the importance of time and spa-
tial dependent descriptions of wall heat flux to obtain quantitative
predictions of flame spread rate using existing flame spread the-
ories. The limitation of these theories is they are often non-local
— depending on distances such as “flame height” and “pyrolysis
length” that are often not well defined. The non-local nature of
these formulations limits them for use as SGS models for LES and
RANS formulations. The second objective of this study is therefore
to develop a local modeling formulation that can be used with LES
and RANS and what is termed in this study an “embedded flame
spread” model. The model is based on a reduction in the degrees
of freedom from that used in DNS using flamelet libraries that de-
pend on a few conditioning variables. The heat flux to the wall and
near-wall species and temperature in the flame are shown to be
unique functions of these variables. Predictions using the embed-
ded flame spread model are shown to be in excellent agreement
with the DNS demonstrating the viability of this approach.

2. Mathematical formulation

Fig. 1 shows the problem considered in this study of upward
flame spread over a PMMA slab with thickness, l, at an orienta-
tion angle, θ . A simplified coupled system of gas and solid phase
equations is considered for solution in a 2D domain. The specific
heats of both phases are assumed to be constant. Composition and
temperature dependent transport properties are simplified using
constant values for the Schmidt (Sc = 1.0) and Prandtl (Pr = 1.0)
numbers, and a Sutherland’s Law for the viscosity [21]. A Chap-
man gas approximation is used in the species and energy transport
equations to simplify the species diffusion and heat conduction
terms, respectively. For gas-phase energy transport, a unity Lewis
number is employed and pressure and viscous work terms are ne-
glected.

2.1. Gas phase equations

A vorticity (ω)–streamfunction (ψ ) formulation is used to solve
the Navier–Stokes equations along with supplementary equations

Fig. 1. Sketch of gravity opposed flame spread at a given inclination angle, θ .

for scalar transport to describe the combustion processes. The form
of the vorticity equation for a 2D flow with variable density follows
that of Ashurst and Barr [22],

∂ω

∂t
+ (u⃗ · ∇)ω + ω(∇ · u⃗) = ν∇2ω − ρ0

ρ2 g
∂ρ

∂x
, (1)

where ρ0 is the far-field density. Dilatation of the velocity field
from thermal expansion is accounted for by using a Helmholtz
decomposition of the velocity field [23], i.e., u⃗ = v⃗ + ∇φ with
∇ × v⃗ = ω and ∇ · v⃗ = 0. The streamfunction and expansion com-
ponents of the velocity are determined from the solution of the
Poisson equations [24],

∇2ψ = −ω, (2)

∇2φ = 1
ρCp,g T

(q̇′′′ + k∇2T ), (3)

where q̇′′′ (= ṁ′′′
F )hc) is the heat release per unit volume from

combustion. Energy and species transport equations are solved in
conjunction with the momentum field,

L(T ) = ν

Pr
∇2T + q̇′′′

ρgC P
, (4)

L(Yk) = ν

Sc
∇2Yk + ṁ′′′

k

ρ
, (5)

where L( ) = ∂( )/∂t + u⃗ · ∇( ) is the material derivative operator.
The density in Eqs. (3)–(5) is determined from an ideal gas equa-
tion of state assuming the pressure is constant everywhere. The
value of the specific heat in Eq. (3) is chosen to be 1.31 kJ/(kgK)
to match the measured adiabatic flame temperature of 2442 K.

The chemical reaction rate term for each species is deter-
mined from an assumed single-step chemical kinetics mechanism,
F + rOxOx + rI I −→ (1 + rOx)P + rI I , with a prescribed global
Arrhenius reaction rate given as ṁ′′′

F = −BcρY F YOx exp(−Ta,c/T )

where the parameter constants Bc = 5.928 × 109 m3/(kg s) and
Ta,c = 10,700 K are adopted from West et al. [25] for the burning
of MMA vapor in air. Soot formation and radiation heat transfer
are not explicitly accounted for in the model but rather their ef-
fects are introduced as two adjustments. The first is based on the
experiments of MMA pool fire of Hamins et al. where the radiative
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heat loss is estimated to be 30% of the total heat release [26]. The
heat release rate is therefore scaled accordingly as: q̇′′′ = χṁ′′′

F )hc ,
where χ = 0.7 and )hc = 2.601×104 kJ/kg. The second is a modi-
fication of the heat flux to the solid surface that is discussed below.

Standard convection boundary conditions are employed at the
open boundaries of the domain for all transported quantities (i.e.,
L( ) = 0) and the normal derivatives of ψ and φ are assumed
equal to zero. At the solid–gas interface, energy and mass balances
are enforced for the preheat and pyrolysis zones. In the preheat
zone the heat and mass fluxes at the solid–gas interface are bal-
anced, i.e., ks∂T /∂n = kg∂T /∂n + q̇′′

rad and ∂Yk/∂n = 0, where n is
the normal direction outward from the solid surface. The heat flux
from the flame to the surface from radiation, q̇′′

rad, is assumed to
be equal to that from conduction, q̇′′

rad = kg∂T /∂n based on the
measurements of Tewarson et al. [27] where he found that the ra-
tio of heat flux from conduction and radiation to be close to unity
at standard air conditions. During the pre-heating stage a no-slip
condition is imposed for the velocity. In the pyrolysis zone, the
temperature is assumed to be constant and set equal to the de-
composition temperature of 653 K. The mass flux is determined
from the overall energy balance, i.e., ṁ′′ = q̇′′

net/Lv where Lv (=
1.62 × 103 kJ/(kgK)) is the latent heat of vaporization of PMMA,
and q̇′′

net = kg∂T /∂n + q̇′′
rad − ks∂T /∂n is the net heat flux used for

the gasification of PMMA. Species jump relations at the gas–solid
interface in the pyrolysis zone result in the balance relation for
fuel −ρD∂Y F /∂n = ṁ′′(1− Y F ) and −ρD∂Yk/∂n = ṁ′′(0− Yk) for
all other species, k.

2.2. Solid phase equations

In the solid phase, the Fourier law of heat conduction is
used: ∂T /∂t = (ks/ρsCs)∇2T , where the thermal conductivity (ks),
density (ρs), and specific heat (Cs) are equal to 0.19 W/(mK),
1190 kg/m3 and 1420 J/(kgK), respectively. At the solid–gas in-
terface, the net heat flux from the gas phase is imposed. The
remaining boundaries are assumed adiabatic. The solid surface is

fixed in space for each case (regression and fuel swelling are not
modeled).

2.3. Numerical solution

The numerical method used to couple the gas and solid phase
equations is based on an embedded interface method developed by
the authors using a level set function description of the solid–gas
interface [28]. The gas phase system is discretized using a second-
order accurate finite difference method on a Cartesian mesh. The
transport equations are integrated in time using a fractional step-
ping procedure where the source terms in Eqs. (4) and (5) are
integrated using the LSODE solver [29]. Near the solid–gas inter-
face, the finite difference operators are modified to account for the
presence of the interface using the defined level set function and
centered differences. Details of the modifications can be found in
previous work by the authors [28] where the overall solution ap-
proach has been shown to be second-order accurate for unsteady
conjugate heat transfer simulations of flow over bluff bodies. The
solid phase PMMA region of the domain is solved using standard
finite differences and the grid is aligned with the material interface
therefore no special cut-cell treatment is required.

3. Results and discussion

3.1. DNS comparisons to experimental data

Figs. 2 and 3 show representative results using DNS and from
the experiments of Drysdale and Macmillan using l = 6 mm thick
samples at inclination angles ranging from θ = 0◦ (horizontal) to
90◦ (vertical) [17]. DNS is conducted using a 0.5 mm mesh reso-
lution for grid independent results. The computational domain is
tailored for each case to fit the inclined material and ranges from
0.14 m× 0.06 m for the 30 degree case to 0.04 m× 0.1 m for the
90 degree case. For each inclination configuration, additional runs

(a)

(b)

Fig. 2. Comparisons of flame structure for orientation angles of 10◦ and 45◦ from (a) experiments of Drysdale and Macmillan [17] and (b) DNS showing temperature contours
of gas and solid phases.
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Fig. 3. Comparisons of average flame spread rates from experiments (symbols) [17]
and DNS (line) with increasing orientation angle.

Fig. 4. Preheating length, Spre = S f − Sp , time history with increasing orientation
angle.

are also carried out to verify that the results are domain size in-
dependent (i.e., that the boundaries do not influence the rate of
flame spread). The time step is determined from CFL condition,
|u⃗|)t/)x = 0.3.

Fig. 2 shows comparisons of flame structure at inclination an-
gles of 10◦ and 45◦ from the (a) experimental and (b) DNS predic-
tions of gas and solid phase temperatures. DNS results reproduce
the qualitative changes in flame structure observed in the exper-
iments with a detached flame for lower angles and an attached
flame for higher angles. The transition from detached to attached
flame at 20◦ is also reproduced in Fig. 3 showing a comparison
of the average flame spread rate from the experiments (symbols)
and the DNS (lines) with increasing inclination angle. The corre-
sponding flame spread rate increases by a factor of four due to
the increased size of the preheating region seen in the solid phase
temperature contours in Fig. 2(b). In general, the flame is more
stable for higher angles of inclination. For example, the flame is
steady for the 90 degree case but fluctuates for 30 degree case
because of buoyancy forces which detaches the flame from the sur-
face.

Fig. 5. Time to ignition (τign) time history with increasing orientation angle.

Fig. 6. Average heat flux time history in preheating region with increasing orienta-
tion angle.

To better quantify the effect of the flame structure on the pre-
heating zone, the flame height, S f , is computed based on the
surface heat flux criterion suggested by Consalvi et al. [30]. In
this study, a value of q̇′′ = 20 kW/m2 is used as the threshold
for defining the flame height measured along the surface. The pre-
heat zone, Spre = S f − Sp , can then be defined along with a local
ignition time τign(S) = t(S f ) − t(Sp) where Sp is defined as the
distance from the bottom of the PMMA slab to the pyrolysis front
where the surface temperature reaches T p = 653 K. Figs. 4 and 5
summarize the time history of Spre and τign, respectively. The pre-
heat zone is shown to increase with increasing orientation angle
because the flame stand-off distance is reduced resulting in an in-
crease in τign. For low inclination angles, τign is somewhat erratic
because of the unsteady nature of the detached flame. However,
for θ > 50◦ , an approximately linear increase in τign is observed
— consistent with the assumption of Delichatsios et al. in the de-
velopment of their self-similar solutions [11]. The reason for this
can be understood from Fig. 6 showing the average heat flux in
the preheat zone as a function of time. The heat flux is observed
to decrease by nearly 30% which has a pronounced effect on the
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Fig. 7. Flame spread rate time history with increasing orientation angle.

flame spread rate shown in Fig. 7. Previous experimental [31,32]
and numerical [13] studies have also confirmed the importance of
the exponentially decaying heat flux away from the flame into the
preheat zone and is the main source of difficulty for analytically
describing upward flame spread.

3.2. DNS comparisons to existing flame spread theories

Existing theories of flame spread either implicitly or explic-
itly specify the spatial and temporal behavior of the heat flux
from the flame to the surface. In the early theoretical work of
Fernández-Pello [7], the heat flux while changing spatially in the
preheat zone, is implicitly assumed to be time independent since
the rate of flame spread is assumed constant. In the similarity
theory of Delichatsios et al. [11] the heat flux is either assumed
to be a constant or has a prescribed power-law spatial distribu-
tion. As pointed out in their study, simpler descriptions of flame
spread of the form: V p = dSp/dt = Spre/τign, also suffer from the
same limitations since they are only valid when Spre is a constant.
A plot of S f vs. Sp from the DNS is given in Fig. 8. A constant
slope of unity would indicate that Spre is a constant. It is clear
however that such a trend is not observed. It appears that one
of the main challenges in improving quantitative predictions is
to develop a better description of the time dependent nature of
the heat flux in the preheating region. This was confirmed re-
cently by Rangwala et al. [14] where an experimentally determined
time dependent B-number is included into the Emmons solution
for steady-state flame spread. Predictions using the modified B-
number are reported to yield significantly better predictions of
flame spread.

The heat flux and surface temperature time history from the
DNS for the θ = 90◦ case is shown in Fig. 9 at S = 5, 7 and
9 cm. The heat flux grows exponentially until a peak value, q̇′′

max,
is attained followed by a linear decay at every location along the
surface which is consistent with the recent study of Consalvi et
al. [13]. The reason for the peak value in the heat flux can be
better understood in the contour plots of Fig. 10 showing instan-
taneous temperature contours of the solid and gas-phases for the
three times of 40, 55 and 64 s. Also on this plot is a contour line
for normalized heat release rate of q̇′′′/ρgC P ,g = 50 K/s indicat-
ing the location of the flame. Comparing Figs. 9(a) and 10 shows

Fig. 8. S f vs. Sp with increasing orientation angle.

the peak heat flux corresponds to location of the flame impinge-
ment of the heat release rate contour (shown with a white arrow).
A similar trend is also observed for the other orientation angles,
showing that the flame impingement is a well defined flame fea-
ture that can serve as an indicator of flame height.

For engineering estimates of flame growth, two main inputs are
required. The first is an estimate of the heat flux in the preheating
region. Fig. 9(b) shows the heat flux re-plotted as log(q̇′′)/Sn =
log(t) up to the time of flame impingement, timp(S), where n is
a constant. For a value of n = −0.356 the data collapses for the
θ = 90◦ case. A similar collapse in the data is observed for θ =
80◦ , 70◦ , 60◦ , 50◦ , 40◦ and 30◦ cases with n = −0.353, −0.346,
−0.341, −0.337, −0.325 and −0.318, respectively. An estimation
of the time history of the surface heat flux can then be constructed
using a piecewise composite function for t ! timp and t > timp,

q̇′′ =
!
1− H(t − timp)

"#
t S

n $ + H[t − timp]C(S)(t − timp), (6)

where H is the Heaviside function and C(S) = A S + B is a linear
function of S where the constants A and B are orientation depen-
dent.

The second input required for engineering estimates of flame
spread is a model for the heat conduction in the solid phase
which ranges from detailed numerical discretization [33,34], to
semi-analytical solutions for 1D thermally thick or thin materi-
als [16,35]. A priori estimates of thermal thickness are given in
Appendix A and is expressed in terms of a transitional thickness,
ltrans = ks(T ig − To)/q̇′′ = 2.3 mm. For l ≪ ltrans the material may
be considered thermally thin and for l ≫ ltrans the material may be
considered thermally thick. In this study l = 6 mm > ltrans there-
fore the material may be assumed thermally thick. Using 1D in-
finitely thick solution of heat conduction and setting the surface
temperature equal to the decomposition temperature, T p , results
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(a) (b)

Fig. 9. Heat flux time history at several locations along PMMA surface for θ = 90◦ plotted in (a) physical coordinates and (b) log(q̇′′)/Sn vs. log(t) where n = −0.356.

(a) (b) (c)

Fig. 10. Instantaneous temperature contours and heat release rate contour for θ = 90◦ at times of (a) 40 s, (b) 55 s and (c) 64 s.

in the following integral relation for tp(S) in terms of theating(S)
and q̇′′ ,

T p − To = 1√
π ks Cs

tp(S)%

theating(x)

q̇′′(S,τ )
&
tp(S) − τ

dτ , (7)

where τ = t − theating with theating defined as the time when the
material at location S is first heated. Substituting Eq. (6) into
(7) and integrating numerically yields engineering estimates of
Sp that can be compared to the DNS results. Fig. 11 presents
these comparisons for all inclination angles. The overall agreement
between the simplified model predictions and DNS is excellent
with slightly larger differences observed for the θ = 30◦ case. The
reason for this is that the average flame heat flux to the sur-
face is lower for this case (see Fig. 6) resulting in a larger value

of ltrans. Therefore the assumption of a 1D thermally thick solid
is no longer strictly valid and multi-dimensional heat conduction
becomes more important. Fig. 11 shows engineering predictions as-
suming q̇′′ = constant which is consistent with assumptions often
made in simplified theories. The predictions of flame spread rate
using this assuming constant heat flux are in error by at least a
factor of two. It is clear from these results that accounting for
the time dependent nature of the heat flux is critical in obtain-
ing quantitatively accurate predictions of flame spread.

3.3. An embedded flame spread model

Unfortunately, it is difficult to arrive at a universal descrip-
tion of the heat flux which can be readily expressed in terms of
simple quantities, i.e., Sp . S f , etc. While empirically derived corre-
lations are available, such as in Eq. (6), they often rely on either



528 W. Xie, P.E. DesJardin / Combustion and Flame 156 (2009) 522–530

(a) (b)

(c) (d)

(e) (f)

Fig. 11. Comparisons of current model predictions and numerical simulations for different angle of orientations: (a) 90◦ , (b) 80◦ , (c) 70◦ , (d) 60◦ , (e) 50◦ and (f) 40◦ .

experimentally (or numerically) derived constants or depend on
ill defined quantities, such as the flame height. A localized solu-
tion methodology is therefore desirable that allows for accurate
predications of heat flux which doesn’t necessarily require sub-
millimeter DNS resolution of the flame structure and integration
of detailed chemical kinetics.

To obtain accurate estimates of heat flux and reduce the de-
grees of freedom of the problem, a reaction progress variable
approach is explored. Figs. 12 and 13 are scatter plots of gas-
phase species mass fraction, Yk , and T vs. mixture fraction (Z =
Y F + Y P /(1 + rOx)), respectively. The mixture fraction in this con-
text is defined as the local mass fraction which originated from the
pyrolysis zone. The data is shown to collapse reasonably well for
Yk because the influence of finite rate chemistry is minimal, and
also the transport equations and boundary conditions are nearly
the same (i.e., differences are a constant multiple). The tempera-
ture scatter in Fig. 13, however, varies considerably over the entire
mixture fraction space. The reason for these variations is from the
differences in boundary conditions between T and Z transport,

therefore a second conditioning variable of total enthalpy of the
mixture, h = 'N

i=1(hs,i + h◦
f ,i), is introduced to account for the

boundary condition differences. Fig. 14 shows the gas-phase tem-
perature vs. h for five bins of Z . A collapse of the data is observed
indicating that T is a unique function of Z and h.

For flame spread predictions, q̇′′ is required at the surface.
Fig. 15 shows a scatter plot of q̇′′ vs. ∂h/∂n at the surface for five
ranges in ∂ Z/∂n. A collapse of the data is observed except for low
values of ∂ Z/∂n that correspond to the preheating region. In this
region ∂ Z/∂n ≡ 0 therefore the heat flux is no longer uniquely de-
fined. However, this data may be further uniquely partitioned in
terms of surface wall temperature, as shown in Fig. 16. A collapse
of the data is observed — indicating that the heat flux in this re-
gion is a unique function of ∂h/∂n and surface wall temperature.

Using the DNS results, tables are constructed for gas-phase
properties (e.g., Yk , T , etc.) and surface heat flux as a function of
Z , h and gradients of each. Flame tables along with transport of
Z and h then completely define the flame structure and wall heat
flux thereby replacing Eqs. (4) and (5). Fig. 17 presents compar-
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Fig. 12. Scatter plots of gas-phase Yk vs. Z .

Fig. 13. Scatter plots of gas-phase T vs. Z .

isons of the embedded flame modeling to the DNS for predictions
of Sp using the flame table created from the θ = 90◦ case. Over-
all, the agreement is excellent for both cases indicating that the
tables constructed are applicable over a range of orientation an-
gles. The advantage of the embedded flame model is a factor of
two reduction in computational cost compared to the DNS. Even
larger savings are expected for 3D cases. Also for reference are the
constant heat flux cases shown in Fig. 17 showing the significant
over prediction of the flame spread rate by factor of 2 to 3 that
are often used in more simplified flame spread theories.

4. Conclusions

A fully coupled 2D fluid–structure numerical algorithm is de-
veloped to simulate flame spread over PMMA at a given angle
of inclination. Overall the DNS predictions are in good agreement

Fig. 14. Scatter plot of temperature vs. total enthalpy for five ranges in mixture
fraction.

Fig. 15. Scatter plot of q̇′′ vs. surface temperature and ∂h/∂n for five ranges of
∂ Z/∂n.

with the experimental data — reproducing detachment flame an-
gle and flame spread rates. The DNS reveals the importance of
the time dependent nature of the heat flux along the wall, consis-
tent with recent findings of [12,13]. A power-law description of the
heat flux resulted in significantly improved engineering estimates
of flame spread when compared to DNS, however, this approach
is non-local. To overcome these limitations, an embedded flame
model is developed using a reaction progress variable approach.
State maps for species mass fraction, temperature and heat flux
to the surface are constructed in terms of mixture fraction, to-
tal enthalpy and surface temperature. Results using the embedded
model agree well with DNS predictions over a range of orientation
angles indicating the approach is robust and potentially applicable
for more complex geometries. Another potential advantage of this
modeling approach is with the extension to turbulent flows. Be-
cause both Z and h are passive scalars, established boundary layer
scaling theories may potentially be used to estimate these quan-
tities and their wall normal gradients for buoyancy driven wall
bounded flows [36,37]. Such an approach could be used in the con-
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Fig. 16. Scatter plot of q̇′′ vs. surface temperature for five ranges of ∂h/∂n for −1 <

∂ Z/∂n < 0.

Fig. 17. Comparison of Sp time history using DNS vs. embedded flame model vs.
constant heat flux for orientation angles of 90◦ and 50◦ .

struction of near-wall models for LES and RANS of upward flame
spread for turbulent flows.
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Appendix A. A priori estimates of thermal thickness

For solid phase heat transfer, either thermally thick or thin ma-
terials are often assumed in theoretical estimates and modeling
of upward flame spread. For a given material thickness, however,
there is no readily available metrics to define if the material may
be a priori considered thin or thick. An estimate of the thermal
thickness of the material may be determined by taking the ratio of
ignition times assuming a thermally thin,

τign-thin = ρsCs(T ig − To)l/q̇′′, (8)

and thick material,

τign-thick = πksρsCs(T ig − To)2

4q̇′′2 , (9)

where l is the thickness of material. Setting the ratio of τign-thin/
τign-thick = 4q̇′′l/[πks(T ig − To)] to unity provides an estimate of a
transition thickness, ltrans,

ltrans = πks(T ig − To)

4q̇′′ , (10)

for which if l ≪ ltrans then the material may be considered ther-
mally thin and for l ≫ ltrans then the material may be consid-
ered thermally thick. Substituting in property values for PMMA
of T ig = 653 K, ks = 0.19 W/(mK), and assuming an average
heat flux of 25 kW/m2 results in ltrans = 2.3 mm. For this study,
l > ltrans, therefore a thermally thick assumption of the solid phase
is deemed acceptable.
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