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Abstract

This study examines the use of a level set based embedded interface method to simulate fluid–solid heat transfer processes using Carte-
sian grids. The flow field is described by the incompressible 2D Navier–Stokes equations using a vorticity–streamfunction approach. A
fluid–solid coupling formulation for the thermal and momentum fields is developed that is robust, computationally efficient and second-
order accurate. Solutions for several example problems are presented for flow over stationary and moving cylinders to bench mark the
current approach. Heat transfer for an isolated cylinder and two cylinders in series are then examined to explore the Nusselt number
dependence on cylinder spacing and unsteady conjugate heat transfer processes.
� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The overall goal of this effort is to predict conjugate heat
transfer involving a fluid and a solid for 2D geometries
with moving interfaces. Moving fluid–solid interfaces arise
in a large variety of settings, most notably in combustion
applications that often consist of burning, ablating, and
melting surfaces. The movement of the fluid–solid interface
from heat and mass transfer affects the flow by changing
the thermophysical properties and geometry at the bound-
ary. The change in the flow, in turn, modifies the gradients
of temperature and species concentration near the interface
which modify the rate at which the interface will move.
This interaction is non-linear and depends on the kinematic
and thermodynamic interface conditions that couple the
fluid and solid systems. The solution to such problems
remains largely intractable to analytical approaches.

Alternatively, a numerical approach may be pursued for
which there are several solution methods available. Perhaps
the earliest are arbitrary Lagrangian–Eulerian formations
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(ALE) for which the interface is tracked (see references in
[1]). These methods are known to work well for small
boundary displacements. For larger displacements, how-
ever, ALE methods may suffer from grid entanglement
and require regridding that introduces additional computa-
tional cost.

As an alternative to ALE, interface capturing methods
have become popular for treating interfaces using fixed
Cartesian grids. In this approach, the fluid–solid interface
is constructed using some sort of geometrical description
of the interface that is within each cell or element. Several
methods have been developed to represent the interface
which include volume-of-fluid (VOF), marker-and-cell
(MAC), and level set method. These methods can be
grouped into two general classes: (i) immersed boundary
method (IBM), where the effects of the interface are intro-
duced by applying additional source terms [2–9], and (ii)
embedded interface methods (EIM) where the effects of
the interface are introduced by modifying the spatial dis-
cretization [10–14]. Each of these methods has relative
advantages and disadvantages depending on the problem
of interest. In this study, a level set based embedded inter-
face method is pursued where the zeroth level set defines
the location of the fluid–solid interface. Modifications to
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standard finite difference operators are developed to
account for the presence of the interface and applied to
the problem of moving and conjugate heat transfer of
cylinders.

The rest of this study begins with the mathematical for-
mulation using a vorticity–streamfunction approach to
describe the flow. Flow discretization for the spatial oper-
ators are then discussed along with interface matching con-
ditions. While the current approach is limited to 2D flows,
many of the approximations discussed can also be used for
3D applications in the context of other pressure based
primitive variable formulations since the finite difference
operators are formed from 1D constructs. Results are pre-
sented first for flow over stationary and translating cylinder
to benchmark this approach and demonstrate second-order
accuracy. Heat transfer applications are then discussed for
an isolated cylinder and cylinders in series. Lastly conclu-
sions and major findings from this study are summarized.
2. Mathematical and numerical formulation

2.1. Governing equations

The problem of interest is flow over cylinders with diam-
eter, D. The fluid flow is described by the 2D, unsteady
Navier–Stokes equations for an incompressible fluid
expressed in terms of a streamfunction (w) and vorticity
ðx ¼ r� ~V Þ. These equations are supplemented with a
temperature equation when convective heat transfer is con-
sidered. The result is the following system of non-dimen-
sional equations:

ox
ot
þ ð~V � rÞx ¼ 1

Re
r2x ð1Þ

r2w ¼ �x ð2Þ

~V ¼ ow
oy
~ex �

ow
ox
~ey ð3Þ

oT
ot
þ ð~V � rÞT ¼ 1

Pr Re
ðr2T Þ ð4Þ

where Reð¼ U1D=mÞ and Prð¼ m=aÞ are the fluid Reynolds
and Prandtl numbers, respectively. All fluid properties are
assumed to be constant.

For the solid phase, the convective velocity is set equal
to zero, resulting in the unsteady heat condition for the
temperature equation

oT
ot
¼ as

af

1

Pr Re
r2T ð5Þ

where as=af is solid to fluid thermal diffusivity ratio.
Boundary conditions are required at the boundaries of

the computational domain and at the fluid–solid interface.
At the inlet, the velocity ðU1Þ and temperature ðT1Þ are
prescribed. At the outlets, convective based boundary con-
ditions are used resulting in the following set of conditions
for w, x and T:
ox
ot
þ V n

ox
o~n
¼ 0 ð6aÞ

oT
ot
þ V n

oT
o~n
¼ 0 ð6bÞ

ow
o~n
¼ 0 ð6cÞ

where ~n is a unit normal vector directed outward from the
boundary of the computational domain. At the fluid–solid
interface, the fluid velocity ~V f is used to specify w using the
relations

ow
osI
¼ ~V I �~nI ð7aÞ

ow
onI
¼ �~V I �~sI ð7bÞ

where ~sI and ~nI denote unit vectors in the tangential (ori-
ented counter-clockwise) and normal (directed outward
from the solid) directions, respectively. Imposing a no-slip
condition on the interface gives ~V f ¼ ~V I, where ~V I is the
velocity of the interface and is prescribed for all problems
considered. The numerical implementation of these condi-
tions is non-trivial since there are two conditions for a sin-
gle unknown (w) and the problem appears to be over-
prescribed. One of the conditions, however, is used to
determine the vorticity on the boundary, via,
r2wI ¼ �xI. The implementation of this condition will
be discussed later in Section 2.3.1 with regard to the evalu-
ation of the properties at the interface.

The temperature at the interface, T I, is determined from
a balance of heat conduction

ks

oT
onI

����
s

¼ kf

oT
onI

����
f

ð8Þ
where k is the thermal conductivity.
In summary, Eqs. (1)–(4) along with the boundary con-

ditions (6)–(8) define the problem of interest. What still
remains to be defined is a geometrical representation of
the interface for which in this study a level set function is
used.
2.2. Level set description of interface

The level set method was devised by Osher and Sethian
and is a simple and versatile method for computing and
analyzing the motion of an interface in two or three dimen-
sions [15]. Sethian, Osher, and others have popularized this
method for use in a wide range of applications in combus-
tion, incompressible flow [16,17], compressible flow [18],
solidification, and Stefan problems [19]. In this approach,
a scalar function, /ð~x; tÞ, is defined whose magnitude is
the shortest distance from the point ~x to the interface. By
definition then, the value / equals zero for a point which
lies on the fluid–solid interface. For locations off of the
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interface, the sign of / depends on the orientation of the
interface normal, ~nI, and is determined from the condition

r/
jr/j ¼~n

I ð9Þ

For this study,~nI is directed into the solid, therefore / has
the following sign convention:

/ð~x; tÞ > 0 for ~x in the solid-phase

/ð~x; tÞ < 0 for ~x in the fluid-phase

/ð~x; tÞ ¼ 0 for ~x on the interface

In this study, the interface is rigid and the interface of cyl-
inder can be exactly imposed. Therefore no level set move-
ment equations are solved. Our motivations for pursuing
the level set approach for interface capturing is to be able
to readily incorporate melting or surface decomposition
phenomena (e.g., ablation or charring) in our future re-
search, however, this is not addressed in the present study.
rn ¼ on
ox
~ex þ

on
oy
~ey ¼

n1 � ð1� a2Þni;j � a2ni�1;j

að1þ aÞDx
~ex þ

n2 � ð1� b2Þni;j � b2ni;jþ1

bð1þ bÞDy
~ey

r2n ¼ o
2n

ox2
þ o

2n
oy2
¼ 1

ðDxÞ2
a� 1

aþ 2
ni�2;j þ

4� 2a
aþ 1

ni�1;j þ
a� 3

a
ni;j þ

6

aðaþ 1Þðaþ 2Þ n1

� �

þ 1

ðDyÞ2
b� 1

bþ 2
ni;jþ2 þ

4� 2b
bþ 1

ni;jþ1 þ
b� 3

b
ni;j þ

6

bðbþ 1Þðbþ 2Þ n2

� �
ð12Þ
2.3. Flow discretization

Finite difference discretization with two-stage Runge–
Kutta time integration is used to solve Eqs. (1)–(4) on a
Cartesian grid. The convective terms are discretized using a
third-order accurate QUICK [20] scheme and second-order
centered differences are used for viscous/conduction terms.
The Poisson equation for the streamfunction given in Eq.
(2) is discretized using standard centered differences and
solved using a multigrid solver with four levels of grid refine-
ment employing a ‘‘V” cycle [21].

For nodes neighboring the zeroth level set, the finite dif-
ference equations are modified to account for the presence
of the interface. Fig. 1a shows one of eight possible fluid–
solid configurations. Node ði; jÞ is the point of interest on
the numerical interface for which Eqs. (1)–(4) are modified.
The points 1 and 2 identify the intersection of the mesh
lines from node ði; jÞ with the interface. The distances dx
and dy are the distances from points 1 and 2 to node
ði; jÞ, respectively. Approximating the interface between
points 1 and 2 as a line, expressions for the complementary
interior angles h1 and h2 can be obtained in terms
of dx; Dx; /i;j; and /iþ1;j and dy; Dy; /i;j; and /i;j�1,
respectively. Setting these expressions equal to each other
results in
sinðh1Þ ¼
/i;j

dx
¼ �

/iþ1;j

Dx� dx

sinðh2Þ ¼
/i;j

dy
¼ þ

/i;j�1

Dy � dy

ð10Þ

Rearranging these results, expressions for dx and dy in
terms of the level function can be determined that are sim-
ilar to those of Marella et al. [14]

dx ¼ �
/i;j

/iþ1;j � /i;j

 !
Dx

dy ¼ �
/i;j

/i;j�1 � /i;j

 !
Dy

ð11Þ

Once dx and dy are known, then second-order accurate fi-
nite differences are developed for rn and r2n for locations
near the fluid–solid interface, where n is an arbitrary scalar.
For the case shown in Fig. 1b these approximations are
where a ¼ dx=Dx and b ¼ dy=Dy. A similar set of discrete
operators are determined for the remaining seven possible
interface configurations for rn and r2n. These cases are
subdivided into four edge configurations and four corner
configurations. Tables 1 and 2 show one edge and one cor-
ner configuration for rn and r2n, respectively. For ease of
implementing these operators into a computer code, a
switch function, S, is introduced. This switch function is
equal to 1 in the flow field and equal to zero in the solid
side and is defined as

S ¼ 1; if /i;j < 0

0; if /i;j P 0

�
ð13Þ

For example, the finite difference approximation of r2n
can be completely expressed for all eight possible cases
as in Eq. (14). Direct implementation of these operators
into the explicit two-stage Runge–Kutta results in rea-
sonable results for coarse grids. However, with increased
grid refinement numerical instability is observed. The
source of this instability is from the small cut-cell dis-
tances, dx and dy, which require small time steps for
numerical stability using an explicit method. It was
found that the time step, Dt, had to be chosen small en-
ough to ensure CFL conditional stability at the inter-
faces, i.e., Dt 6 MINðdx; dyÞ=j~V jmax, where j~V jmax is the



r2n ¼ Si�1;j

ðDxÞ2ðSiþ1;j þ Si�1;jÞ
a� 1

aþ 2
ni�2;j þ

4� 2a
aþ 1

ni�1;j þ
a� 3

a
ni;j þ

6

aðaþ 1Þðaþ 2Þ n1

� �

þ Siþ1;j

ðDxÞ2ðSiþ1;j þ Si�1;jÞ
a� 1

aþ 2
niþ2;j þ

4� 2a
aþ 1

niþ1;j þ
a� 3

a
ni;j þ

6

aðaþ 1Þðaþ 2Þ n1

� �

þ Si;j�1

ðDyÞ2ðSi;jþ1 þ Si;j�1Þ
b� 1

bþ 2
ni;j�2 þ

4� 2b
bþ 1

ni;j�1 þ
b� 3

b
ni;j þ

6

bðbþ 1Þðbþ 2Þ n2

� �

þ Si;jþ1

ðDyÞ2ðSi;jþ1 þ Si;j�1Þ
b� 1

bþ 2
ni;jþ2 þ

4� 2b
bþ 1

ni;jþ1 þ
b� 3

b
ni;j þ

6

bðbþ 1Þðbþ 2Þ n2

� �
ð14Þ

Fig. 1. Details of the fluid–solid interface showing (a) the definitions of dx
and dy along and associated interior angles and (b) intersection points for
constructing high order approximations to gradients at fluid–solid
interface.

W. Xie, P.E. DesJardin / Computers & Fluids 37 (2008) 1262–1275 1265
maximum velocity associated with the nodes closest to
the fluid–solid interface. This limitation becomes espe-
cially problematic since the time step, Dt become prohib-
itively small as dx; dy ! 0. Previous studies using level set
interface methods suggest modifying the spatial operators
to get around this issue by replacing dx and dy with
dxþ ðDxÞ2 and dy þ ðDyÞ2, respectively, or adding some
arbitrary small value to dx and dy [14]. These approaches
were found to be unsatisfactory and therefore an alterna-
tive point-implicit approach is pursued. In this approach,
the spatial operators near the interface are evaluated at
the current, ðnþ 1Þ, time level resulting in a coupled sys-
tem of equations. To avoid the computational costs and
complexity of inverting this system, a point-implicit ap-
proach is pursued where all of the nodes except those ly-
ing near the interface are first updated using an explicit
method to the current ðnþ 1Þe time level, where the
superscript ‘‘e” indicates a value using an explicit meth-
od. These values are then used to update the nodes that
bound the fluid–solid interface where the spatial opera-
tors that contain information at node ði; jÞ are evaluated
at ðnþ 1Þi, where the superscript ‘‘i” indicates a value
using the point-implicit method. The resulting finite dif-
ference expression at node ði; jÞ is inverted analytically
to solve for the quantity. As an example, for the config-
uration considered in Fig. 1b, the value of vorticity is
updated as follows:

xðnþ1Þi
i;j 1þ un

i;j

Dt
Dx

a� 1

a
� vn

i;j

Dt
Dy

b� 1

b
þ 1

Re
Dt

ðDxÞ2
3� a

a
þ 1

Re
Dt

ðDyÞ2
3� b

b

 !

¼ xn
i;j � Dt un

i;j

xn
1 � a2xðnþ1Þe

i�1;j

að1þ aÞDx

 !
þ vn

i;j �
xn

2 � b2xðnþ1Þe
i;jþ1

bð1þ bÞDy

 !" #

þ DtC
a� 1

aþ 2
xðnþ1Þe

i�2;j þ
4� 2a
aþ 1

xðnþ1Þe
i�1;j þ

6

aðaþ 1Þðaþ 2Þx
n
1

� �
=ðDxÞ2

� �

þ DtC
b� 1

bþ 2
xðnþ1Þe

i;jþ2 þ
4� 2b
bþ 1

xðnþ1Þe
i;jþ1 þ

6

bðbþ 1Þðbþ 2Þx
n
2

� �
=ðDyÞ2

� �

ð15Þ
The use of this point-implicit method results in a ro-
bust integration approach with conditional stability
using time steps based on the uncut cell distances, Dx
and Dy.

2.3.1. Property evaluation at interface
The values of w;x; and T are required where the Carte-

sian grid intersects with the fluid–solid interface. These



Table 1
Finite-difference operators for rn at the node ði; jÞ near the fluid-solid interface for edge and corner configurations

Configuration

@n
@x

1
aðaþ1Þ n1 þ a�1

a ni;j � a
aþ1 ni�1;j

� 	
=Dx 1

aðaþ1Þ n1 þ a�1
a ni;j � a

aþ1 ni�1;j

� 	
=Dx

@n
@y ni;jþ1 � ni;j�1


 �
=ð2DyÞ



� 1

bðbþ1Þ n2 � b�1
b ni;j þ b

bþ1 ni;jþ1

�
=Dy

Table 2
Finite-difference operators for r2n at the node ði; jÞ near the fluid-solid interface for edge and corner configurations

Configuration

@2n
@x2 ða�1

aþ2 ni�2;j þ 4�2a
aþ1 ni�1;j þ a�3

a ni;j þ 6
aðaþ1Þðaþ2Þ n1Þ=ðDxÞ2 ða�1

aþ2 ni�2;j þ 4�2a
aþ1 ni�1;j þ a�3

a ni;j þ 6
aðaþ1Þðaþ2Þ n1Þ=ðDxÞ2

@2n
@y2 ni;jþ1 � 2ni;j þ ni;j�1


 �
=ðDyÞ2 ðb�1

bþ2 ni;jþ2 þ 4�2b
bþ1 ni;jþ1 þ b�3

b ni;j þ 6
bðbþ1Þðbþ2Þ n2Þ=ðDyÞ2
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intersections are labeled as points 1 and 2 for the case con-
sidered in Fig. 1a. For stationary bodies, the value of w on
the interface is a constant. For moving boundaries w
changes along the interface and appears to be over-speci-
fied using Eqs. (7a) and (7b) – two relations for one
unknown. However one of these relations,
ow=onI ¼ �~V I

f �~sI, may be used to determine the wall vor-
ticity therefore the system of equations is well-posed. This
is accomplished by using Eq. (2) to update x at the fluid–
solid interface. As an example, consider the fluid–solid
intersection point 1 in Fig. 1. The Poisson equation at this
location is
x1 ¼ �
o2w
ox2
þ o2w

oy2

� �����
1

ð16Þ
which requires evaluation of the second derivatives of w.
Using Taylor series expansions for w at points N1, N2,
W1 and W2 shown in Fig. 1b in the ‘‘north” and ‘‘west”
directions gives
wN1¼w1þDy
ow
oy

����
1

þDy2

2!

o
2w

oy2

����
1

þDy3

3!

o
3w

oy3

����
1

þOðDy4Þ ð17Þ

wN2¼w1þ2Dy
ow
oy

����
1

þ4
Dy2

2!

o2w
oy2

����
1

þ8
Dy3

3!

o3w
oy3

����
1

þOðDy4Þ ð18Þ

wW 1¼w1�Dx
ow
ox

����
1

þDx2

2!

o
2w

ox2

����
1

�Dx3

3!

o
3w

ox3

����
1

þOðDx4Þ ð19Þ

wW 2¼w1�2Dx
ow
ox

����
1

þ4
Dx2

2!

o2w
ox2

����
1

�8
Dx3

3!

o3w
ox3

����
1

þOðDx4Þ ð20Þ
Rearranging the above expressions and substituting in
wx ¼ �v and wy ¼ u then results in approximations for
the second derivatives

o2w
ox2

����
1

¼ 8wW 1 � 7w1 � wW 2

2Dx2
� 3

v1

Dx
þOðDx2Þ ð21Þ

o
2w

oy2

����
1

¼ 8wN1 � 7w1 � wN2

2Dy2
� 3

u1

Dy
þOðDy2Þ ð22Þ
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The values of w at points N1, N2, W1 and W2 in Eqs. (21)
and (22) are determined from fourth-order accurate La-
grange interpolating polynomials using the closest neigh-
boring nodes. Fourth-order accuracy is required because
second-order accuracy is desired for estimating o2w

ox2 and
o2w
oy2 . (Note, the ðDxÞ2 and ðDyÞ2 that appear in the denomi-
nators of the first term on the r.h.s. of Eqs. (21) and (22),
respectively.) Substituting Eqs. (21) and (22) into Eq. (16)
then results in the following second-order accurate expres-
sion for x at point 1:

x1 ¼ �
8wW 1 � 7w1 � wW 2

2Dx2
þ 8wN1 � 7w1 � wN2

2Dy2

� �

þ 3
v1

Dx
þ u1

Dy

� �
ð23Þ

Eq. (23) is one out of eight possible configurations. The
approximations used for r2w for one of the edge and cor-
ner configurations is summarized in Table 3.

For conjugate heat transfer problems, a numerical
approximation for the heat flux balance across the fluid–
solid interface given in Eq. (8) is required. The surface nor-
mal derivatives are first expressed in terms of the level set
function

oT
onI
¼ rT �~nI ¼ rT � r/ ¼ oT

ox
o/
ox
þ oT

oy
o/
oy

ð24Þ

where o/=ox and o/=oy are determined using second-order
centered finite differences and oT =ox and oT=oy are deter-
mined using second-order one-sided finite differences. The
finite difference stencils for one of the edge and corner con-
Table 3
Finite-difference approximations for ~q �~nI ¼~q � r/ ¼ q00 for the solid and flui

Configuration

q00s ¼ �ks
@T
@x js

@/
@x þ @T

@y

���
s

@/
@y

� 	
�ks

�3T 1þ4T E1�T E2

2Dx

q00f ¼ �kf
@T
@x jf

@/
@x þ @T

@y jf
@/
@y

� 	
�kf

3T 1�4T W 1þT W 2

2Dx
figurations are summarized in Table 4. As an example, the
approximations for Eq. (24) at point 1 in Fig. 1b (corner
configuration in Table 3) are

oT
onI

����
l;1

¼ 3T 1 � 4T W 1 þ T W 2

2Dx
o/
ox

þ�3T 1 þ 4T N1 � T N2

2Dy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� o/

ox

� �2
s

ð25Þ

and
oT
onI

����
s;1

¼ �3T 1 þ 4T E1 � T E2

2Dx
o/
ox
þ 3T 1 � 4T S1 þ T S2

2Dy

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� o/

ox

� �2
s

ð26Þ

where

o/
ox
¼

/iþ1;ja
2 � /i;jð1� a2Þ

að1� aÞDx
ð27Þ

Substituting Eqs. (25) and (26) into Eq. (8) allows the tem-
perature at point 1 to be determined

T 1 ¼
ðð4T E1 � T E2Þks þ ð4T W 1 � T W 2ÞkfÞ o/

ox

3 o/
ox � 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� o/

ox


 �2
q

B
� �

ðkl þ ksÞ

þ
ðð�4T S1 þ T S2Þks þ ð�4T N1 þ T N2ÞkfÞB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� o/

ox


 �2
q

3 o/
ox � 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� o/

ox


 �2
q

B
� �

ðkl þ ksÞ

ð28Þ
d side of the interface at point 1 for edge and corner configurations

�ks
�3T 1þ4T E1�T E2

2Dx
a2/iþ1;j�ð1�aÞ2/i;j

að1�aÞDx � ks
3T 1�4T S1þT S2

2Dy �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð@/@x Þ

2
q� �

�kf
3T 1�4T W 1þT W 2

2Dx
a2/iþ1;j�ð1�aÞ2/i;j

að1�aÞDx � kf
�3T 1þ4T N1�T N2

2Dy �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð@/@x Þ

2
q� �



Table 4
Finite-difference approximations for r2w ¼ @2w=@x2 þ @2w=@y2 on the fluid-solid interface at point 1 for edge and corner configurations

Configuration

r2wj1 � 8wN1�7w1�wN2

2ðDyÞ2 þ 3u1

Dy �
8wW 1�7w1�wW 2

2ðDxÞ2 þ 3v1

Dx �
8wS1�7w1�wS2

2ðDyÞ2 � 3u1

Dy � 8wN1�7w1�wN2

2ðDyÞ2 þ 3u1

Dy �
8wW 1�7w1�wW 2

2ðDxÞ2 þ 3v1

Dx

1268 W. Xie, P.E. DesJardin / Computers & Fluids 37 (2008) 1262–1275
where B ¼ Dx=Dy. The discrete operators for
_q00s ð¼ �ksrT �~nI

sÞ and _q00f ð¼ �kfrT �~nI
sÞ for an edge and

corner configurations are summarized in Table 3. These
expressions are equated to determine the interface temper-
ature for all mesh–interface intersection point
configurations.
3. Results and discussion

3.1. Grid convergence test

A series of benchmark problems suggested by LeVeque
and Li [2] are first considered to examine the accuracy of
the interface capturing method. A circular interface is con-
sidered on a uniform grid. The diameter of the circle is
unity and is centered on a square domain of length 2.
The distribution of w is as following:

w ¼
1; inside the circle

1þ lnð2rÞ; outside the circle

�
ð29Þ

The objective is to calculate r2w ¼ o2w
or2 þ 1

r
ow
or þ 1

r2
o2w
oh2 ¼

o2w
ox2 þ o2w

oy2 at the zeroth level set and compare to the exact

solution. The exact solution for r2w is equal to zero at
the zeroth level set. This operator is developed similar to
the other operators discussed and summarized in Table 5.
Several levels of grid refinement are employed using a uni-
formly spaced n� n grid where n = 20, 40, 160, 320, 640,
1280 and 2560. Table 6 summarizes the results in terms
of L1; L2 and L1 error norms for different grid refinement
ratios. A clear second-order asymptotic convergence rate
emerges where the ratio of successive errors is observed
to approach four.
3.2. Flow over a stationary cylinder

A commonly used test problem for examining embed-
ded grid techniques is flow over a circular cylinder
where numerical solutions [5,6] and experimental data
[22] are readily available for comparison. Two Reynolds
numbers of 20 and 40 are chosen to compare against the
previous studies of Calhoun [5] and Russel and Wang
[6]. Simulations are performed using n� n grid where
n ¼ 80, 160, 320 and 640 corresponding to 16, 32, 64
and 128 grid points across the diameter of the cylinder,
respectively.

Figs. 2 and 3 show the contours of streamfunction
and vorticity at steady-state for Re ¼ 20 and 40, respec-
tively, using the finest mesh. A pair of counter-rotating
vortices form on the downstream location of the cylinder
and increase in length with increasing Re. At these low
Re numbers no vortex shedding is expected. Fig. 4a pre-
sents the cross-stream velocity at the center of the recir-
culation zone for the Re ¼ 20 case. As shown, the
solutions for the n ¼ 320 and 640 cases are identical indi-
cating a grid converged solution (all other variables are
less sensitive to grid refinement). Fig. 4b shows the nor-
malized streamfunction error as a function of mesh
refinement. Consistent with the previous LeVeque test
case, second-order grid convergence is observed. Similar
results are also obtained for the Re ¼ 40 case (not
shown). Calculations of the recirculation length ðLÞ, sep-
aration angle ðhÞ and drag coefficient compare favorably
with the previous numerical investigations of Calhoun [5]
and Russell and Wang [6], as well as to the experiments
of Coutanceau and Bouard [22], and summarized in
Table 7.



Table 5
Finite-difference approximations for r2n ¼ @2n=@x2 þ @2n=@y2 on the fluid-solid interface at point 1 for edge and corner configurations

Configuration

r2nj1
2n1�5nN1þ4nN2�nN3

2ðDyÞ2 þ 2n1�5nW 1þ4nW 2�nW 3

2ðDxÞ2 þ 2n1�5nS1þ4nS2�nS3

2ðDyÞ2
2n1�5nN1þ4nN2�nN3

2ðDyÞ2 þ 2n1�5nW 1þ4nW 2�nW 3

2ðDxÞ2

Table 6
Results for convergence tests of Leveque’s problem

Grids L1 Ratio L2 Ratio L1 Ratio

20 6:02� 10�1 – 6:37� 10�1 – 7:86� 10�1 –
40 1:94� 10�1 3.103 2:15� 10�1 2.967 3:17� 10�1 2.477
80 5:78� 10�2 3.356 6:45� 10�2 3.327 9:43� 10�2 3.368

160 1:58� 10�2 3.662 1:77� 10�2 3.653 2:57� 10�2 3.670
320 4:14� 10�3 3.813 4:61� 10�3 3.826 6:67� 10�3 3.852
640 1:06� 10�3 3.907 1:18� 10�3 3.912 1:69� 10�3 3.936

1280 2:68� 10�4 3.954 2:98� 10�4 3.956 4:27� 10�4 3.970
2560 6:73� 10�5 3.977 7:49� 10�5 3.978 1:07� 10�4 3.986
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3.3. Flow over a translating cylinder

The major difficulty concerning moving boundaries
using a vorticity–streamfunction approach is the evalua-
tion of the streamfunction at the boundary, since the
boundary can no longer be considered as a streamline.
In this case, the value of the streamfunction at the
fluid–solid interface is no longer constant. One approach
to determine w is to integrate along the interface, as dis-
cussed by Russell and Wang [6]. In this study, a simpler
approach is devised for a translating cylinder problem.
Fig. 5 shows a sketch of the moving cylinder employing
a control volume that translates at the same speed as the
cylinder. The control volume surface area is defined in
terms of the segments A–B, B–C, C–D, D–E, E–F and
F–A. Mass conservation for the control volume is
enforced as

o

ot

Z
CV

qdV þ
Z

CS
qð~V � ~V CSÞ �~ndA ¼ 0 ð30Þ

where ~V CS ¼ �U cyl~ex is the velocity of the control volume
surface. Since the density of the flow is assumed to be con-
stant and the volume of the CV is fixed, then the first term
in Eq. (30) is equal to zero. After dividing through by the
density the second term may be expanded as



Fig. 2. Contour plots for flow over a cylinder at Re ¼ 20 showing (a)
streamlines with contour levels of �2.5:0.1:2.5 and �0.02:0.002:0.02 and
(b) vorticity with contour levels of �12:0.5:12. Solid vertical lines represent
the spatial location for the velocity comparisons in Fig. 4a.

Fig. 3. Contour plots for flow over a cylinder at Re ¼ 40 showing (a)
streamlines with contour levels of �2.5:0.1:2.5 and �0.05:0.005:0.05, and
(b) vorticity with contour levels of �16:0.5:16.
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Z
CS
ð~V � ~V CSÞ �~ndA ¼ �

Z
BA
ðuþ U cylÞdy �

Z
BC

vdx

þ
Z

CD
ðuþ U cylÞdy þ

Z
DE
ð~V

þ U cyl~exÞ �~ndAþ
Z

EF
ðu

þ U cylÞdy þ
Z

AF
v dx ð31Þ
In the limit as the CS height approaches a large value, the
upper and lower surfaces of the control volume become the
same streamline. In this limit, the velocity component nor-
mal to the surface is very small, therefore the second and
last term on the r.h.s. of Eq. (31) is equal to zero. The
fourth term on the r.h.s. involving the integration along
DE is also zero because of the no-slip condition. The
remaining terms may be integrated and expressed in terms
of differences in the streamfunction at the ends of the sur-
face areas



Fig. 4. Convergence test for flow over cylinder at Re ¼ 20 showing (a)
cross-stream velocity at the downstream location indicated in Fig. 2
(vertical straight lines) and (b) streamfunction error as a function of grid
refinement.

Fig. 5. Control volume of translating cylinder for developing condition
for the streamfunction at the fluid–solid interface.
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�ðwA � wBÞ þ wD � wC þ wF � wE

¼
Z

BA
U cyl dy �

Z
CD

U cyl dy �
Z

EF
U cyl dy ð32Þ
Table 7
Comparisons of wake bubble length, angle of separation and drag
coefficient

Re = 20 Re = 40

L h (�) CD L h (�) CD

Tritton [24] – – 2.22 – – 1.48
Coutanceau and Bouard [22] 0.73 42.3 – 1.89 52.8 –
Fornberg [25] 0.91 – 2.00 2.24 – 1.50
Calhoun [5] 0.91 45.5 2.19 2.18 54.2 1.62
Russel and Wang [6] 0.94 43.3 2.13 2.29 53.1 1.60
Present 1.00 43.9 2.19 2.26 54.5 1.60
Since the upper and lower boundaries of the control vol-
ume are streamlines, wA ¼ wF and wB ¼ wC which results
in the cancellation of the wF ; wC and ðwA � wBÞ terms in
Eq. (32). Arbitrarily choosing wD ¼ 0, setting yD ¼ 0 and
recognizing that the r.h.s. of Eq. (32) is simply the vertical
distance from point E to the centerline of the cylinder, then
the final expression for the streamfunction at point E is
obtained

wE ¼ �U cyly ð33Þ

Since the CV chosen is quite general, the same analysis may
be repeated for which point E may be any arbitrary point
along the cylinder surface, therefore the condition imposed
for w on any point along the surface of the translating sur-
face is wI ¼ �U cyly.

Figs. 6–8 show results for a translating cylinder for
Re ¼ 40 at t ¼ 16 using a 32 D� 16D domain. These condi-
tions are chosen to match those of Russell and Wang [6] in
order to facilitate the comparison of results. The total num-
ber of grid points is 640� 320 (20 grid points per diame-
ter). Figs. 6 and 7 show the streamfunction and vorticity,
respectively. Two recirculation regions are observed, one
Fig. 6. Streamlines for Re ¼ 40 translating cylinder from (a) present study
and (b) Russell and Wang [6].
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above and one below the cylinder. For comparison pur-
poses, the results of Russell and Wang are also shown in
these figures and agree well with the present study. At this
time in the simulation the streamfunction is steady there-
fore if the streamfunction in Fig. 6a is re-plotted with
respect to the moving coordinate system then it may be
compared directly to the results for flow over a stationary
cylinder. Fig. 8a shows the stream function after the map-
ping. Excellent agreement is observed between this result,
Fig. 3, and the result of Russell and Wang given in Fig. 8b.
3.4. Conjugate heat transfer of cylinders

The final set of results is the flow over cylinders in series
that include conjugate heat transfer processes. The interest
here is to examine the time response of the cylinders and
the influence of a cylinders wake on the heat transfer of a
Fig. 7. Vorticity for Re ¼ 40 translating cylinder from (a) present study
and (b) Russell and Wang [6].

Fig. 8. Adjusted streamlines of translating cylinder from (a) present study
and (b) Russell and Wang [6].
cylinder downstream. A 20D� 8D computational domain
is considered using 320� 128 grid points (16 grid points
per diameter). The initial non-dimensional temperature of
each cylinder is chosen as unity and the rest of the flow field
is equal to zero. The inlet, upper, and lower boundaries are
assumed to be isothermal and a convective boundary con-
dition is used at the outlet.

As a baseline, Fig. 9 shows the Nusselt number ðNuÞ as a
function of Re for an isolated cylinder (solid line) with
experimental correlations of Hilpert (Nu ¼ C Ren

D, where
C = 0.821 and n = 0.385 for 4 < Re < 40 and C = 0.615
and n = 0.466 for 40 < Re < 4000) [23]. As shown, the over-
all agreement is excellent with maximum differences of
5.8% for the highest Reynolds number case considered.

To understand the effects of upstream cylinder wake on
heat transfer, an additional cylinder is added directly
downstream at a distance L. Three cases are considered
with spacings of L=D ¼ 1, 5, and 10 at Re ¼ 60. Fig. 10
shows Nu number comparisons for these cases early in time
when the flow is steady. As expected, the Nu is lower for
the rear cylinder due to the preheating of the flow from
the first cylinder. For L=D ¼ 5 and 10, the Nu for the front
cylinder is identical to the isolated cylinder case in Fig. 9.
For the case of L=D ¼ 1, the heat transfer on the front cyl-
inder is also reduced by 3.2% because of the influence of the
second cylinder which serves to increase the temperature on
the leeward side of the first cylinder.

Later in time the flow transitions to an unsteady flow
resulting in vortex shedding. The time history of the Nu

is shown in Fig. 11. For L=D ¼ 1 the flow remains steady.
For L=D ¼ 5 and 10, however, the flow becomes unsteady
at t ¼ 80 and 110, respectively. After transition, the Nu for
the rear cylinder oscillates due to the vortices shed from the
first cylinder. This is clearly shown in Fig. 12, comparing
the temperature fields (a) before and (b) after transition
for L=D ¼ 5. Fig. 11 also shows that after transition, the
Fig. 9. Comparison of Nusselt number prediction to experimental
correlations of Hilpert for an isolated cylinder [23].



Fig. 10. Comparison of Nusselt number predictions for two-cylinder for
L=D ¼ 1, 5 and 10. Dashed line is primary cylinder and solid line is
secondary cylinder positioned downstream.

Fig. 12. Instantaneous snapshots of temperature contours for Re ¼ 60 (a)
before and (b) after flow transition corresponding to the times indicated by
the vertical lines in Fig. 11.
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average Nu for the rear cylinder increases by 51% and 36%
to values of 3.51 and 3.85 for L=D ¼ 5 and 10, respectively.
The Nu number is larger for L=D ¼ 10 since the shed vor-
tices have a longer residence time with which to entrain
ambient fluid resulting in a reduction of the effective ambi-
ent temperature for the rear cylinder. The variation in the
Nu for the L=D ¼ 5 case, however, is larger because the
temperature variations are greater due to its closer proxim-
ity to the first cylinder.

Figs. 13 and 14 present results for the conjugate heat
transfer cases. For these cases, as=af ¼ 0:07, Pr ¼ 0:7, and
Re ¼ 60. Fig. 13 shows the time history for Nu for
Fig. 11. Nusselt number vs. time for L=D ¼ 1, 5 and 10 at Re ¼ 60. The
vertical lines indicate the times where the flow snapshots in Fig. 12 are
taken for the L=D ¼ 5 case.

Fig. 13. Nusselt number vs. time for L=D ¼ 5 and Re ¼ 60 comparing the
isothermal and conjugate heat transfer cases.The vertical lines indicate the
times where the flow snapshots in Fig. 14 are taken for the L=D ¼ 5 case.
L=D ¼ 5 with comparison to the isothermal case. The Nu
number decreases for both the front and rear cylinder as
they cool. Early in time the Nu number for the rear cylinder
is lower than the front cylinder, consistent with the isother-
mal cases. After t ’ 100, the flow around the rear cylinder
undergoes transition resulting in a slightly higher Nu num-
ber than the front cylinder. This interesting role reversal is
from the higher temperature of the rear cylinder after tran-



Fig. 14. Instantaneous snapshots of temperature contours for Re ¼ 60 for
the conjugate heat transfer case (a) before and (b) after flow transition
corresponding to the times indicated by the vertical lines in Fig. 13.
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sition due to unsteady transient heating processes as shown
in Fig. 14.
4. Conclusions

An interface embedding technique is developed to sim-
ulate moving fluid–solid interfaces for low speed 2D flows.
The interface is described using a level set function and
finite difference operators are developed for constructing
interface conditions across the fluid–solid interface. Sys-
tematic grid convergence studies reveal that the method
is second-order accurate. A point-implicit time integration
methodology is developed that removes the numerical
stiffness associated with cut-cells – avoiding previous ad

hoc treatments that have been developed to treat this
problem. Results using this novel approach reproduce
existing solutions for flow over stationary and non-sta-
tionary cylinders. Application to heat transfer of cylinders
shows predictions are in excellent agreement with experi-
mental correlations for an isolated isothermal cylinder.
Extensions to two cylinders reveal a complex heat transfer
behavior for cylinders located in the wake of another cyl-
inder from vortex shedding and time dependent conjugate
heat transfer processes.
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