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Abstract

This study is on the development of a thermo-mechanical damage model (TMDM) for glass–phenolic composite materials subject to
high temperature and thermal radiative environments. The damaged composite is expressed as two regions of non-charred and charred
materials. Homogenization methods are used to formulate the damaged material in terms of the volume fractions associated with com-
posite fiber, resin and char. Equations are derived that employ Darcy’s law to account for the gas transport within the structure. Mechan-
ical response of the composite is taken into account by solving a homogenized system of linear elasticity equations which introduces the
gas-phase pressure in a self-consistent manner. A finite element method is developed to solve the thermal and mechanical equations for a
two-dimensional clamped composite beam subject to thermal radiative heating. Overall, good agreement is obtained between the numer-
ical predictions and experimental data for temperature and gas pressure. Results show the decomposition of the resin and char formation
create local stress concentrations across the pyrolysis front. The origin of these stresses are from thermal expansion and contraction
across the front and the generation of locally high pore gas pressures from resin decomposition.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Composite materials are used in a wide range of applica-
tions because of their high strength to weight ratio, corro-
sion resistance and ease of fabrication. One of the ongoing
concerns about these materials is their susceptibility to
thermal damage from large fires. Recent studies have
shown that the highly advantageous strength properties
of many composite materials significantly degrade subject
to even relatively low levels of heat flux [1–6]. The five main
mechanisms that have been identified as being responsible
for the weakening of composite materials in a fire are: (1)
charring, (2) creation of gas from resin decomposition,
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(3) thermal degradation of elasticity properties, (4) micro-
cracking and (5) delamination [1]. Accounting for these
processes in a comprehensive modeling treatment is a
daunting task since many of transport properties and
chemical kinetics associated with material pyrolysis are still
not well known [7]. The scope of the current effort is there-
fore restricted to modeling only the first three of these
processes.

The majority of existing models for examining decom-
posing composite materials have been proposed by either
Dimitrienko or Henderson. One of the earliest one-dimen-
sional transient thermal models for glass–phenolic systems
(H41N) was developed by Henderson et al. [8–10]. They
modeled the composite as composed of either virgin or
burnt (char) material. A global nth order Arrhenius model
of resin decomposition was proposed and calibrated with
their burn loss measurements. Bulk averaged transport
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Fig. 1. Representative element volume for solid and gas two-phase porous
media.
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properties were modeled using a reaction progress variable
expressed in terms of the time-dependent matrix density.
The thermal equations were solved using an implicit finite-
difference method. Good overall agreement was observed
between predictions and experimental data of temperature
and gas pressure. Detailed modeling of the mechanical
response of the material however was not considered.

More recently, Dimitrienko has systematically devel-
oped more advanced thermo-mechanical models for high-
temperature composites over a series of studies [11–16].
In his approach, the matrix is assumed to consist of fiber,
resin, char and gas. The formulation of the system of ther-
mal and mechanical equations are derived using asymptotic
averaging [14] yielding a hierarchy of linearized equations.
The first- and second-order systems of equations are used
to develop local solutions for idealized periodic matrix con-
figurations [15]. These solutions are then used to determine
the functional relations for bulk constitutive relations [15]
that are calibrated from experimental data [11]. However,
the mathematical form of the pressure term in the stress–
strain relations appears to vary from one study [13] to
another [16]. The numerical approach used in the studies
of Dimitrienko were largely based on the use of finite-dif-
ference methods.

The primary objective of this study is to derive a homog-
enized system of thermal and mechanical equations using
phase-averaging concepts that have often been employed
for use in multi-phase flows [17]. The utility of pursing this
approach will be to incorporate the effects of pressure in
the homogenized thermal elasticity equations in a self-con-
sistent and mathematically rigorous manner. The details of
this novel approach are summarized in Section 2. Results
using this modeling approach are presented in Section 3
for which comparisons to data for a glass–phenolic com-
posite matrix are conducted. Lastly conclusions from this
study are summarized.

2. Mathematical formulation

To determine the macroscopic structural response from
the microscopic changes in fiber and resin, phase-averaging
principles are employed. Phase-averaged equations are
derived for mass and thermal energy transport along with
the mechanical response assuming linear elastic response
of each of the constituents. The following subsections begin
with useful mathematical definitions and identities for
phase-averaging. Application of these principals are then
detailed in Sections 2.2 and 2.3 for the thermal and
mechanical conservation equations, respectively.

2.1. Homogenization

The composite material is assumed to be initially com-
posed of fiber, resin and a small amount of gas. As the resin
heats up, it undergoes pyrolysis and creates additional gas
and char. To formulate this problem, we start with the def-
inition of an averaging volume, Vl, that is large relative to
the mesoscopic details (i.e., a unit cell associated with the
weave) but small relative to the system of interest, as shown
in Fig. 1. Three characteristic lengths d� l� L can be
defined associated with the averaging operation, represent-
ing the pore diameter (d), a length scale for the averaging
volume (l), and a length scale for the entire problem of
interest (L). A weighting function, Gð~x�~x0Þ, is defined to
be such that is parity invariant, non-negative, continuously
differentiable and normalized with compact support [17].
The local average volume fraction u of phase a at time t
and location~x is defined as,

uað~x; tÞ ¼
Z

V a;1ðtÞ
Gð~x�~x0ÞdV 0 ð1Þ

where Va,1(t) is the volume occupied by phase a at time t

over the entire domain, and dV 0 is an elemental volume at
point~x0.

The extrinsic phase average hwai represents the average
value of the property w in phase a per unit volume of the
mixture, and is defined as:

hwað~x; tÞi �
Z

V a;1ðtÞ
Gð~x�~x0Þwað~x0; tÞdV 0: ð2Þ

However a more meaningful average for evaluating ther-
mal and transport properties is the intrinsic phase average
ŵa which is average of w per unit volume of phase a defined
as ŵ ¼ hwai=ua. Commutation relations may be developed
which relate the average of a derivative and the derivative
of an average. These relations are required for formulating
the transporting equations and defined as [17],

owað~x; tÞ
ot

� �
¼ o

ot
hwað~x; tÞi

�
Z

Aa;intðtÞ
Gð~x�~x0Þwað~x0; tÞ~vIð~x0; tÞ �~na dA0

ð3aÞ
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r �~wað~x; tÞ
D E

¼ r � h~wað~x; tÞi

þ
Z

Aa;intðtÞ
Gð~x�~x0Þwað~x0; tÞ~na dA0 ð3bÞ

where Aa,int(t) is the interface area, ~vI is the interface
velocity.

2.2. Thermal response

The commutation rules given in Eqs. (3a) and (3b) are
next applied to the transport governing equations for the
gas, resin, char and fiber phases.

2.2.1. Mass conservation

Phase-averaging the pore-scale equation for gas mass
conservation and using Eqs. (3a) and (3b) results in,

oq̂gug

ot
þr � ðq̂g

~~vgugÞ ¼ �
Z

AgsðtÞ
Gqg~wg �~ngs dA0 ¼ _m000g ð4Þ

where ~wg ¼~vg �~vI represents the gas velocity relative to
the interface of gas phase and solid phase, and ~ng is the
unit vector normal to the interface pointing from gas

phase to solid phases. The quantity ~~vg �
cqg~vg

qg
represents

the density weighted average gas velocity. The only term
on the right hand side, _m000g , represents the mass rate of
gas generation from resin decomposition and is equal to
the negative of the local total mass loss rate of solids,
i.e. _m000g ¼ � _m000ts . The overall mass loss rate of solids is
modeled using an Arrhenius law given as [9]: _m000ts
¼ �Aiq0ðq�qe

q0
Þni e�Ei=RT where Ai is the pre-exponential fac-

tor, Ei is the activation energy, ni is the rate order, and q0

and qe are the initial and post-pyrolysis densities of the
composite, respectively. Values for these quantities are
summarized in Table 1.

Assuming the inertia of the gas flow within the compos-
ite is small, then a Stokes flow may be assumed for which
momentum conservation results in Darcy’s law that relates
the local gas velocity to the pressure gradient given as:
hvgi ¼ ~̂vgug ¼ �

K

lg
� rp̂g where K is a second-order gas per-

meability tensor of the composite material, lg is the gas vis-
cosity, and p̂g ¼ q̂gRg

bT g is the gas pressure. Assuming
~~vg ¼ ~̂vg then the phase-averaged gas mass transport equa-
tion becomes:

oq̂gug

ot
�r � q̂g

K

lg

� r q̂gRg
bT g

� �" #
¼ _m000g : ð5Þ

For the other solid phases such as fiber, resin and char, a
similar process is used to determine the phase-averaged
equations for each solid phase assuming the density is
constant,

q̂i
oui

ot
¼ _m000i ; i ¼ f ; r; c ð6Þ

where the source term _m000i ¼ �
R

Ai;intðtÞ
Gqi~wi �~ni dA0 repre-

sents the mass change rate of each phase. During the
decomposition process, the overall mass of composite is
conserved. That is, the rate of mass loss from fiber and re-
sin decomposition is equal to mass gain from the creation
of char and gas, i.e.

� _m000f þ _m000r
� �

¼ _m000c þ _m000g : ð7Þ

Two additional useful parameters may be defined for a gen-
eral decomposing matrix,

s1 � �
_m000c

_m000f þ _m000r
; s2 �

_m000f
_m000r
: ð8Þ

The physical meaning of s1 is the ratio of mass generation
rate of char to the decomposition of fiber and resin, and s2

is the ratio of decomposition rate of fiber to that of resin.
Using Eqs. (7) and (8), the mass rate expressions for each
of the constituents may be written in terms of s1, s2 and
the gas mass generation rate, _m000g ,

_m000f ¼ �
s2 _m000g

ð1� s1Þð1þ s2Þ
ð9aÞ

_m000r ¼ �
_m000g

ð1� s1Þð1þ s2Þ
ð9bÞ

_m000c ¼
_m000g

1
s1
� 1

ð9cÞ

These two parameters can be further related to ratio of
the final ending mass ðme ¼ mf e þ mceÞ to the initial mass
ðm0 ¼ mf 0 þ mr0Þ of the matrix, defined as b and given
as:

b � mf e þ mce

mf 0 þ mr0

¼ s1 þ
ð1� s1Þ mf 0 � s2mr0ð Þ

mf 0 þ mr0

: ð10Þ

This quantity b is often measured experimentally and
therefore considered known. Substituting Eq. (10) into
Eq. (8) then results in an expression for s1 in terms of s2

and b.

s1 ¼
b mf 0 þ mr0ð Þ � mf 0 þ s2mr0ð Þ

ð1þ s2Þmr0

: ð11Þ

The advantage of expressing the mass rates in this form is
that often s1, b and _m000g ð¼ � _m000tsÞ can be readily measured
experimentally. For glass fiber which does not participate
in the decomposition processes, s2 = 0, therefore s1 is so-
lely a function of b and the initial masses of the fiber
ðmf 0Þ and resin ðmr0Þ. Lastly, Eqs. (9a)–(9c) are used to
determine the volume fraction of fiber (/f), resin (/r)
and char (/c) using Eq. (6). The gas volume fraction ug

can be calculated as: ug = 1 � uf � ur � uc which is used
in Eq. (5).
2.2.2. Energy conservation

The energy equation for a single kth constituent, multi-
component system (i.e., multiple species within a given
fiber, resin, char or gas phase) expressed in terms of sensi-
ble enthalpy, hs,k, is,
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oðqkhs;kÞ
ot

þr � ðqkhs;k~vkÞ �
opk

ot
þr � ðpk~vkÞ

� 	
¼ �r �~qk þ ½r � ð~vk � rkÞ �~vk � ðr � rkÞ� �

XN

k¼1

h0
f ;k _m000k

ð12Þ

where the last term on the RHS accounts for material
changes within a phase from homogeneous reactions. If
the pyrolysis reactions are assumed to be heterogeneous
then the reaction front may be modeled at the interface be-
tween phases. In this case, the homogeneous reactions may
be neglected. Phase averaging Eq. (12) then results in,

o

ot
q̂kuk

~hs;k

� �
þr � q̂kuk

~hs;k
~~vk

� �
� op̂kuk

ot
þr � p̂kuk

~~vk

� �� 	
¼ �r � ~̂qkuk

� �
þr � h~vk � rki � h~vk � ðr � rkÞi

þ
Z

Ak;intðtÞ
G qkhs;k~wk � pk~wk �~qk � rk �~vk

� �
�~nk dA0:

ð13Þ

Note, extra correlation terms associated with the filtering
of the non-linear convective operator have been neglected.
These terms are important for turbulent flows but for the
current study the flow within the composite is assumed to
be laminar.

Substituting the phase-averaged mass conservation
equation for the kth phase into Eq. (13) and summing all
four phases k = f, r, c,g results in a energy equation conser-
vation equation for the gas and solid phases,X
k¼f ;r;c;g

q̂kuk
o~hk

ot
þ ~~vk � r~hs;k

 !" #
¼ �r �

X
k¼f ;r;c;g

~̂qkuk

� �
þ
X

k¼f;r;c;g

r � h~vk � rki � h~vk � ðr � rkÞi
h i

þ
X

k¼f;r;c;g

op̂kuk

ot
þr � p̂kuk~̂vk

� �� 	
�
X

k¼r;c;g

_m000k ~hs;k

þ
X

k¼f;r;c;g

Z
Ak;intðtÞ

G qkhs;k~wk � pk~wk �~qk � rk �~vk

� �
�~nk dA0

where _m000f ¼ 0 has been employed since the glass fiber is as-
sumed to not participate in the decomposition process. The
last term can be written as the integrals over the interfaces
between the four phases, fiber, resin, char and gas. Eq. (14)
may be further simplified by considering the balance of to-
tal energy across each interface,
Z
AabðtÞ

qahs;a~wa � pa~wa �~qa � ra �~va

� �h
� qbhs;b~wb � pb~wb �~qb � rb �~vb

� �i
�~na dA0

¼
Z

AabðtÞ
�qahc;a~wa þ qbhc;b~wb

� �
�~na dA0

¼ _m000abhc;a þ _m000bahc;b ð14Þ
where a, b represents any two phases and hc ð¼
PN

i¼1Y ih
0
f;iÞ

is the enthalpy associated with chemical changes of a the
fiber, resin, char or gas constituent. Substituting Eq. (13)
into the integral term of Eq. (13) and assuming the rates
of mass change at interfaces of f–r, f–c, f–g, c–g are zero
(no phase change), assuming the thermal equilibrium (i.e,bT k ¼ bT ), neglecting viscous dissipation in the gas-phase
and expressing the sensible enthalpy as: o~hs;k ¼ bCp;k obT k

then results in the following:

qCp � q̂gugRg

� � obT
ot

¼ r � k � rbT� �
þ q̂g

bCpg þ q̂gugRg

� �
K

lg

� r q̂gRg
bT� �" #

� rbT � _m000g ðDhdec � Rg
bT Þ ð15Þ

where a Darcy’s law is employed for the gas velocity and the
solid phase velocities are assumed to be zero. The quantity

Dhdec ¼ ~hs;g þ ~hc;g

� �
þ mc

mg

~hs;c þ ~hc;c

� �
� 1

mg

~hs;r þ ~hc;r

� �h i
is the

heat of decomposition per unit mass of gas generated where
mc and mg are stoichiometric coefficients and the thermody-
namic and transport properties of the composite are ex-
pressed in terms of bulk properties qCp ¼

P
kukq̂k

bCpk.

2.3. Mechanical response

The mechanical response of the solid phases of the com-
posite structure are assumed to be in static equilibrium for
which the stress state of each constituent at the pore-scale is
governed by equation,

r � rk þ~f k ¼ 0 ð16Þ

where rk is the second-order stress tensor and ~f k is the
body force vector of k phase. Phase averaging Eq. (16) re-
sults in

r � hrki þ
Z

Ak;intðtÞ
G rk �~nk

� �
dA0 þ h~f ki ¼ 0 ð17Þ

where Ak,int(t) is the interface area between solid phase k

and all other phases. This area may be further expressed
as the sum of the areas between the fiber and resin (Afr),
the fiber and char (Afc), the resin and char (Arc) and the so-
lid phase k and gas (Akg). Summing over the solid phases
results in an equilibrium relation for the bulk stress state
of composite,

r � hrf þ rr þ rci
h i

þ
Z

Af;intðtÞþAr;intðtÞþAc;intðtÞ
G r �~ni

� �
dA0

þ h~f fi þ h~f ri þ h~f ci
h i

¼ 0 ð18Þ

where the integral term on the RHS of Eq. (18) may be ex-
panded as,
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Z
AfrðtÞ

G rf �~nfr

� �
dA0 þ

Z
AfcðtÞ

G rf �~nfc

� �
dA0

þ
Z

AfgðtÞ
G rf �~nfg

� �
dA0 þ

Z
Arf ðtÞ

G rr �~nrf

� �
dA0

þ
Z

ArcðtÞ
G rr �~nrc

� �
dA0 þ

Z
ArgðtÞ

G rr �~nrg

� �
dA0

þ
Z

Acf ðtÞ
G rc �~ncf

� �
dA0 þ

Z
AcrðtÞ

G rc �~ncr

� �
dA0

þ
Z

AcgðtÞ
G rc �~ncg

� �
dA0:

Employing momentum balance equations across the inter-
faces, the first and fourth, second and seventh, fifth and
eighth terms cancel out leaving only the integration over
the solid–gas interface (Asg = Afg + Arg + Acg) which may
be further simplified as follows:Z

AsgðtÞ
G r �~nsg

� �
dA0

¼
Z

AsgðtÞ
Gp̂g~ngs dA0 ¼

Z
V gðtÞ
rx0 Gp̂g

� �
dV 0 ¼

Z
V gðtÞ

Grx0pg dV 0

þ
Z

V gðtÞ
pgrx0GdV 0 ¼ hrpgi�rx

Z
V gðtÞ

Gpg dV 0

¼ hrpgi�rhpgi ð19Þ

If pore-scale pressure gradient is small (i.e., h$pgi ’ 0) then
substituting Eq. (19) into Eq. (18) results in an intermediate
equilibrium expression for the phase-averaged stresses of
the solid constituents,

r � hrtsi � rhpgi þ h~f fi þ h~f ri þ h~f ci
h i

¼ 0 ð20Þ

where rts = rf + rr + rc is the solid stress tensor. Note, the
effect of gas-phase pressure on the bulk stress state appears
directly in Eq. (20) from the phase-averaging of the $ Æ r
term. In addition to this term, a second pressure term will
also appear from the phase-averaging of the constitutive
relation, to be discussed next.

2.3.1. Constitutive relations

Each constituent of the composite is assumed to be lin-
early elastic for which the local stress can be related to the
local strain using,

rk ¼ C½ �k : ek � eT
k

� �
ð21Þ

where [C]k is a fourth-order elasticity stiffness tensor and eT
k

is the thermal strain tensor. Phase averaging this relation
results in

hrki ¼ ½C�k : heki � heT
k i

� �
ð22Þ

since non-linear products are assumed to be negligible. In
Eq. (22), heki is the extrinsic phase-averaged strain field
ðheki ¼ 1

2
hr �~uk þ ðr �~ukÞTiÞ. Using Eq. (3b), the
phase-averaged strain may be expressed in terms of the
intrinsic phase-averaged displacement field, ~̂uk, as follows:

heki ¼ 1
2
r� h~uki þ r � h~ukið ÞT
h i
þ 1

2

Z
Ak;int

G ~uk �~nk þ ~uk �~nkð ÞT
h i

dA0

¼ uke
� ~̂uk

� �
þ 1

2

Z
Ak;int

G ~uk �~nk þ ~uk �~nkð ÞT
h i

dA0 ð23Þ

where e* ð¼ 1
2
ðr � ~̂uk þ ðr � ~̂ukÞTÞ is the effective strain

tensor.
Substituting Eqs. (22) and (23) into Eq. (20) and assum-

ing that the intrinsic displacements of each phase are equal,
i.e. ~̂uf ¼ ~̂ur ¼ ~̂uc ¼ ~̂u, then

hrtsi ¼ ðuf ½C�f þ ur½C�r þ uc½C�cÞ : e�ð~̂uÞ � atsDT I
� �

þ
X

k¼f ;r;c

½C�k : 1
2

Z
Ak;int

G ~uk �~nk þ ~uk �~nkð ÞT
h i

dA0
 !

ð24Þ
where ats is the bulk thermal expansion coefficients defined

as: ats �
P

k
ukak ½C�k :IP
k
uk ½C�k :I

. As shown in Eq. (24), the assumption

of equal displacements results in a relatively simple relation
between the bulk stress state and strain states without
requiring detailed knowledge of the mechanical response
at the mesoscale. Relaxing this assumption greatly compli-
cates the problem because then numerical solution of sep-
arate (unclosed) homogenized mechanical equilibrium
equations for each constituent would be required, via Eq.
(17). The unclosed surface integrals for these equations
would have to be closed using explicit knowledge of the
stress–strain state at the mesoscale. This information could
come from either analytical solutions or detailed numerical
solutions at the mesoscale; the subject of which is outside
the scope of the current effort but will be the topic of future
research.

The surface integrals in Eq. (24) can be further simpli-
fied by assuming the mesoscale geometry. A periodic struc-
ture is assumed with cross-sectional geometry given in
Fig. 2. The gas void is assumed spherical in the center of
the cell which is surrounded by a char layer, virgin resin
and fiber, forming a hexahedral cubic. As a first step, it is
assumed that each solid phase maintains its geometry after
deformation, consistent with the small displacement theo-
ries. Fig. 3 shows a closer view of one of the inner surface
of char in the microstructure before (solid line) and after
deformation (dashed line). The deformed interface between
each phase is assumed to be composed of a translation
(illustrated by the dash–dot–dot line), and a uniformly dis-
tributed displacement. Under these assumptions, the dis-
placement of one arbitrarily point P at the interface,
~uP ¼ PP 0, may be expressed in terms of a translation,
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~uO ¼ OO0, and a displacement normal to the surface,
~un ¼ QP 0: ~uP ¼ PP 0 ¼ PQþ QP 0 ¼ OO0 þ QP 0 ¼~uO þ~un.
Substituting this decomposition into the surface integral
of Eq. (24) then results in two surface integrals associated
with ~uO and ~un. The integration involving ~uO is identically
equal to zero since ~uO is constant and the integration of
the unit normal vector over any closed surface is zero.
The second term involving ~un is geometry dependent and
must be evaluated separately for the fiber, resin and char
constituents for the assumed geometry shown in Fig. 2.
For the char, integration over inner and outer spherical
Fig. 3. Deformation of spherical pore.

Fig. 2. Cross-section of modeled periodic cubic cell of composite internal
structure.
surfaces of radius R1 and R2, respectively, is required.
Using a spherical coordinate system located at the center
of the sphere ð~n ¼ fsin h cos u; sin h sin u; cos hgÞ and inte-
grating over the two spherical surfaces result in following:

1

V l

Z
Ac;int

~nc�~ncj~un;cjdA0

¼ j~uR2
j

V l

Z
AR2

~nc�~nc dA0 � j~uR1
j

V l

Z
AR1

~nc�~nc dA0

¼ j~uR2
jR2

2

V l
�j~uR1

jR2
1

V l


 �Z 2p

0

Z p

0

sin2 hcos2 u sin2 hcosusinu sinhcoshcosu

sin2 hcosusinu sin2 hcos2 u sinhcoshsinu

sinhcoshcosu sinhcoshsinu cos2 h

264
375

sinhdhdu¼ j~uR2
jR2

2�j~uR1
jR2

1

V l

4p
3

I

¼ j~uR2
j4pR2

2�j~uR1
j4pR2

1

3V l
I ¼ 1

3

DV c

V l
I : ð25Þ

The surface of the resin consists of two parts, the outer six
square surfaces of the cubic cell with edge length L, and the
inner spherical surface of radius R2. Integrating over these
surfaces results in,

1

V l

Z
Ar;int

~nr�~nrj~un;rjdA0

¼ j~uLj
V l

Z
AL

~nr�~nr dA0 � j~uR2
j

V l

Z
AR2

~nr�~nr dA0

¼ 2
j~uLjL2

V l

1 0 0

0 0 0

0 0 0

264
375þ 0 0 0

0 1 0

0 0 0

264
375þ 0 0 0

0 0 0

0 0 1

264
375

0B@
1CA

� j~uR2
jR2

2

V l

4p
3

0 0

0 4p
3

0

0 0 4p
3

264
375¼ j~uLj6L2� j~uR2

j4pR2
2

3V l
I ¼ 1

3

DV r

V l
I :

ð26Þ

The fibers are assumed to be cylindrical and the diameter D
is much smaller than the length L, so that the surface at
both ends of fiber is negligible. For a fiber oriented in z-
direction, the unit normal vector of the side surface Afz is
~n ¼ fcos h; sin h; 0g in cylindrical coordinate system. The
surface integral for this fiber can be written as,Z

Afz

~nf �~nf j~un;f jdA0

¼ j~uDj
Z L

0

dz
Z 2p

0

cos2 h cos h sin h

cos h sin h sin2 h

� 	
D
2

dh

¼ j~uDj
Afz

2

1 0

0 1

� 	
: ð27Þ

Similarly, we can get the surface integrals of fibers oriented
in x- and y-directions. Adding the integrals over all the fi-
bers oriented in different directions together leads to,



Fig. 4. Problem description of a clamped beam with local heating on the
lower surface.
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Z
Af;int

~nf �~nf j~un;f jdA0 ¼ 4

Z
AfxþAfyþAfz

~nf �~nf j~un;f jdA0

¼ j~uDj
Af

3
I ¼ DV f

3V l
I ð28Þ

where Afx = Afy = Afz = Af/12 has been used.
Table 1
Experimentally measured empirical parameters for H41N [9,10]

Property Value

Ai 1.98 · 1029 s�1, q/q0 P 0.91
8.17 · 1018 s�1, q/q0 P 0.795

Ei 2.6 · 105 kJ/kmol, q/q0 P 0.91
3.54 · 105 kJ/kmol, q/q0 P 0.795

ni 17.33, q/q0 P 0.91
6.5, q/q0 P 0.795

Table 2
Material thermal and transport properties for H41N [9,10].(T* in �C)

Property Value

qf, qr 2040.6 kg/m3

qc 1764 kg/m3

qgini
0.7526 kg/m3

Cpf
;Cpr

1092 + 0.976T* J/kg K
Cpc

882 + 0.76T* J/kg K
Cpg

2394 + 1.05T* J/kg K
kf, kr 0.806 + 2.77 · 10�4T* W/m K
kc 0.96 + 8.44 · 10�4T* � 4.08 · 10�6T*2 + 5.33 · 10�9T*3 W/m K
kg 0.03 + 1.4 · 10�4T* W/m K
MWg 18.35 kg/kmol
lg 1.48 · 10�5 + 2.5 · 10�8T* m2/s
K0 6.18 · 10�18 s�1

Ke 4.85 · 10�15 s�1

afr 0.84
ac 0.88

Table 3
Elasticity properties of material H41N [10,19]

Property Value

Ef0
7.24 · 1010 Pa

Er0
6.0 · 109 Pa

af, ar 8.59 · 10�5 K�1

ac �7.42 · 10�5 K�1, q/q0 P 0.492
�5.93 · 10�4 K�1, q/q0 < 0.492

m 0.3
The change in volume of each solid phase k can be in
turn expressed in terms of its mechanical pressure and bulk
modulus, Kk, i.e., DV k=V l ¼ DV k=V kuk ¼ trðe�kÞuk ¼

�p̂g

Kk
uk.

The pressure of each solid phase is further assumed to be
equal to gas pressure i.e., p̂k ¼ p̂g. Substituting Eqs. (25),
(26) and (28) into the surface integral of Eq. (24) then
results in,X
k¼f;r;c

½C�k :
1

2

Z
Ak

G ~uk �~nk þ ~uk �~nkð ÞT
h i

dA0

 �

¼
X

k¼f ;r;c

½C�k :
DV k

3V l
I


 �
¼
X

k¼f;r;c

½C�k :
�p̂g

3Kk
ukI


 �
¼ �p̂g

3

X
k¼f ;r;c

uk

Kk
½C�k : I


 �
: ð29Þ

Substituting Eq. (29) into the rest of Eq. (24), then the final
form of the phase-averaged constitutive relation for the
composite material is obtained relating the average stress
of the composite to the displacements of its constituents
and the gas pressure,

hrtsi ¼ ½C�ts : e�ð~̂uÞ � at DT I
� �

� p̂g

3

X
k¼f ;r;c

uk

Kk
½C�k : I


 �
ð30Þ

where [C]ts (=uf[C]f + ur[C]r + uc[C]c) is the effective elas-
ticity stiffness tensor of the composite. Note, a second pres-
sure term is therefore introduced from phase-averaging the
constitutive relation. Substituting Eq. (30) into Eq. (20) re-
sults in the final form of the relation for the displacement
field,

r�
(
½C�ts :

1

2
r�~̂ukþ r�~̂uk

� �T
� 	

�atsDT I

 �

� p̂g

3

X
k¼f;r;c

uk

Kk
½C�k : I


 �)
�rhpgiþ h~f fiþh~f riþh~f ci

h i
¼ 0:

ð31Þ
2.3.2. Isotropic media and plane strain approximations

The formulation thus far presented does not make any
explicit assumptions about the type of composite. To fur-
ther refine the analysis, additional assumptions have to be
imposed as to the type of media. For the current study,
the model formulation is applied to H41N to benchmark
against the studies of Henderson et al. [8–10]. This material
consists of randomly oriented glass fibers and talc in a phe-
nolic resin resulting in a transversely isotropic behavior [10].
As a first step, the media will therefore be assumed to be iso-
tropic. Under these approximations then the thermal con-
ductivity and permeability may be approximated as:

K ¼ KI ð32aÞ
k ¼

X
k

ukkkI ð32bÞ



Fig. 6. Temperature time history comparison to data of Henderson and
Wiecek [9]. Fig. 7. Gas volume fraction time history at y = 0.6 cm and 2.25 cm.

Fig. 5. Time history profiles of (a) temperature, (b) gas volume fraction, (c) pressure (d) mass flux at x = 5 cm.
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Fig. 8. Pressure time history comparisons to data of Florio et al. [10] at (a)
y = 0.6 cm and (b) y = 2.25 cm.
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where kk are temperature dependent properties of each of
the constituents given in Table 2 and K is the bulk perme-
ability of the material defined as: K = FK0 + (1 � F)Ke

where the subscripts 0 and e denote the initial and final
states that are given in Table 2. The function F is a reaction
progress variable defined as:

F ¼ q� qe

q0 � qe

ð33Þ

where q ¼
P

kukqk is the bulk density.
For the mechanical response the material is furthermore

assumed to be in plane strain for which Eq. (29) may be
simplified to,

�p̂g

3

X
k¼f;r;c

uk

Kk
½C�k : I


 �
¼ �p̂g

3

X
k¼f ;r;c

uk

Kk
ðaþ 2bÞk


 �
I ¼ �p̂g

3

X
k¼f ;r;c

3ukð ÞI

¼ �p̂g 1� ug

� �
I ð34Þ

where the elasticity constants, a (=k + 2l), b (=k) and c

(=l) for each constituent are related to k (=Em/
((1 � m)(1 � 2m)) and l (=E/(2(1 + m)) which in turn are ex-
pressed in terms of E and m that are summarized in Table 3.
Under the assumption of plane strain the displacement in z-
direction, ŵ, is a linear function of z. Then the deformation
field ~̂u ¼ ðû; v̂; ŵÞ is expressed as, û ¼ ûðx; yÞ, v̂ ¼ v̂ðx; yÞ,
ŵ ¼ e0zþ e1 that results in e�xz ¼ e�yz ¼ 0, e�zz ¼ e0,
e�xx ¼ oû=ox, 2e�xy ¼ oû=oy þ ov̂=ox, e�yy ¼ ov̂=oy, where it
has been assumed that e�zz � ats DT is equal to zero. Under
these assumptions hryzi = hrxzi = 0, simplifying Eq. (30) to,

hrxxi
hryyi
hrxyi

8><>:
9>=>;

ts

¼ �
p̂g 1� ug

� �
p̂g 1� ug

� �
0

8><>:
9>=>;

þ
C11 C12 0

C12 C22 0

0 0 C66

264
375

ts

e�xx � ats DT

e�yy � ats DT

2e�xy

8><>:
9>=>; ð35Þ

where the effective stiffness matrix [C]ts has the compo-
nents: C11,ts = C22,ts = (Ets(1 � m))/((1 + m)(1 � 2m)), C12,ts

= (Etsm)/((1 + m)(1 � 2m)) and C66,ts = Ets/(2(1 + m)) where
Ets is the total bulk modulus of elasticity defined as: Ets

= ufEf + urEr. It should be noted that the contribution
of the char to the modulus is not considered since it is as-
sumed that the char can not support a load. Furthermore
Ef and Er are assumed to be thermally degraded by the
pyrolysis process using the relation: Ek ¼ FEk0

where Ek0

are the elasticity properties of the initial state that are given
in Table 3. This assumes that the composite is not able to
support any loads once it is fully charred which may be
acceptable for the given application of randomly oriented
fiber. For more complex woven systems, charred fiber
would however still be able to support tension loads and
therefore this assumption would need to be updated. With
these additional assumptions, the normal stress hrzz,tsi is
decoupled and can be determined from hrxx,tsi and hryy,tsi
as: hrzz;tsi ¼ �p̂gð1� ugÞ þ btsðe�xx þ e�yy � 2ats DT Þ, there-
fore Eq. (31) becomes,

o

ox
C11;ts

oû
ox
þ C12;ts

ov̂
oy

� 	
þ o

oy
C66;ts

oû
oy
þ ov̂

ox


 �� 	
þ F x ¼ 0

ð36aÞ
o

ox
C66;ts

oû
oy
þ ov̂

ox


 �� 	
þ o

oy
C12;ts

oû
ox
þ C22;ts

ov̂
oy

� 	
þ F y ¼ 0

ð36bÞ

where Fx and Fy are source terms, containing the body
forces, thermal expansion stresses and pressure compres-
sion stresses,
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F x ¼ hfx;tsi �
o

ox
ðC11;ts þ C12;tsÞats DT½ � � op̂g

ox
ð37aÞ

F y ¼ hfy;tsi �
o

oy
ðC12;ts þ C22;tsÞats DT½ � � op̂g

oy
: ð37bÞ

In order to solve the displacements for the mechanical re-
sponse, boundary conditions for Eqs. (36a) and (36b) need
to be specified. For fixed boundary surfaces, the essential
boundary condition are û ¼ 0 and v̂ ¼ 0, and for the free
surfaces, htxi � hrxx,tsinx + hrxy,tsiny = 0 and htyi � hrxy,tsi
nx + hryy,tsi ny = 0, where h~ti ¼ ðhtxi; htyiÞ is specified trac-
tion vector and is equal to zero on the free surfaces.

In the mathematical development so far, special atten-
tion to the phase-averaging notation is followed. For the
rest of the paper, the superscript hat and star notations will
be dropped to avoid any unnecessary confusion, therefore,
Fig. 9. Deformation of heated clamped beam at tim
T ¼ bT , pg ¼ p̂g, qi ¼ q̂i; i ¼ f ; r; c; g, ux ¼ ûx, uy ¼ ûy ,
e = e*r = hrtsi.

3. Results and discussion

The problem of interest is a 2D clamped beam shown in
Fig. 4. The thickness and width of the beam is chosen as
H = 3 cm and L = 10 cm to be representative of the exper-
imental samples used by Henderson et al. of a H41N glass–
phenolic composite consisting of 60.5% glass fiber and
39.5% phenolic resin by volume [9,10]. Properties for this
material are summarized in Tables 1–3. The final mass frac-
tion b = me/m0 of the sample is reported to be 0.795 [9].
The properties of the fiber are not reported but it is reason-
able to assume that the glass fiber remains unchanged.
Given this information then the three parameters, s1, s2
es of (a) 10 s, (b) 50 s, (c) 200 s and (d) 800 s.



Fig. 10. Stress rxx time history profiles for heated clamped beam at (a)
x = 0.0 cm and (b) x = 5.0 cm. Fig. 11. Stress ryy time history profiles for heated clamped beam at (a)

x = 0.0 cm and (b) x = 5.0 cm.
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and b, governing the mass loss rate of the TMDM dis-
cussed in Section 2.2.1 are 0.371, 0.0 and 0.795, respec-
tively. The values of q0 and qe = bq0 required for
defining the reaction progress variable in Eq. (33) are
1810 and 1439 kg/m3, respectively. In the experiment a
280 kW/m2 heat flux is imposed on the lower surface of
the sample. For comparison to data, the net heat transfer
at the boundary is determined by considering a balance
of radiative heat transfer and heat loss along with gas flow
at the surface. The net heat transfer into the material is
given as: _q00net ¼ _q00r � _q00mass where _q00r is the absorbed radia-
tion heat flux given as: _q00r ¼ a _q00r;1 ¼ ½afrF þ acð1� F Þ� _q00r;1
with afr and ac being the absorptivity of the original
fiber–resin system and char, respectively, given in Table
2. The quantity _q00mass ¼ _m00ghg is the heat loss due to gases
flowing out from the pores into the surroundings. The
gas density on the boundary is determined from an equa-
tion of state, qg = pg/(RgT), in which the pressure is
assumed to be atmospheric. An insulated boundary condi-
tion is assumed along the upper surface to best match the
experimental conditions, although the precise conditions
were not reported. A finite element method using quadri-
lateral linear elements is developed to solve Eqs. (5), (16)
and (36) using a total of 4000 elements. Details of the FE
implementation may be found in the thesis of Luo [18].

Time history temperature, pressure, gas volume and
mass flux cross-sectional distributions are plotted in
Fig. 5 for times of 10, 50, 200 and 800 s. Early in the heat-
ing process, a large temperature gradient forms near the
surface, resulting in rapid expansion of the material and
pyrolysis after 10 s. Figs. 5b and c show the volume frac-
tion evolution and the localized peak in pore gas pressure
near the pyrolysis front. With continued heating, the pyro-
lysis front penetrates deeper into the material and the pres-
sure is spread over a greater extent of the volume. The peek
mass flux of 0.009 kg/m2 s occurs early in time and is con-
sistent with those reported by Florio et al. [10].

For purposes of making comparisons to experimental
data, the temperature and pressure are re-plotted as a func-
tion of time at locations of y = 0.1, 1.0 and 2.9 cm. Fig. 6
presents the temperature history. The temperature peaks
to approximately 1300 K at y = 0.1 cm after 200 s, while



Fig. 12. Stress rxy time history profiles for heated clamped beam at (a)
x = 0.0 cm and (b) x = 5.0 cm.
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the upper surface is just starting to warm, consistent with
spatial distribution shown in Fig. 5a. The agreement in
temperature between the current model and the experimen-
tal data is excellent with maximum differences of 7.3%.

Figs. 7 and 8 show the gas volume fraction and pressure
at the same locations as in Fig. 6. At y = 0.6 cm, the pres-
sure increases to a peak value of almost 8 atm after 110 s
then decreases rapidly as the pyrolysis front passes by that
location. The time of arrival for the pyrolysis front at this
location is in reasonable agreement with the experimental
data. However the magnitude of the pressure appears to
be too high at later times. As described by Florio et al., this
discrepancy may be due, in part, to the poor cement bond-
ing between the hypodermic tubing (used to measure the
gas pressure) and the specimen [10]. Also in Fig. 8a are
their predictions which show a second local maximum at
approximately 600 s, that is not predicted by the TMDM.
The reason for these discrepancies is not clear since the
experimental data do not show this trend and there is not
a plausible physical reason for this type of pressure history.
Fig. 8b shows the pressure history at y = 2.25 cm. Agree-
ment with the experimental data is excellent up to when
decomposition occurs. After this time the TMDM predic-
tions are larger than the experimental measurements by
63% which again may be attributed to experimental uncer-
tainties associated with the pressure measurements [10].

Fig. 9 shows the vertical displacement of the composite
bar at times of (a) 10 s, (b) 50 s, (c) 200 s and (d) 800 s.
Early in the heating process the lower surface of the beam
displaces upwards from thermal expansion. After 50 s,
pyrolysis begins to occur on the lower surface. The negative
thermal expansion coefficient of the char causes local con-
traction. The expansion ahead of the pyrolysis front and
contraction after the front result in nearly zero vertical dis-
placement at the front as shown in Fig. 9c at 200 s. At this
time, the front location is at 1.0 cm (see Fig. 5b) corre-
sponding to the location of zero vertical displacement
shown in Fig. 9c.

Figs. 10–12 show time history profiles of rxx, ryy and
rxy at (a) x = 0.0 cm and (b) x = 5.0 cm, respectively.
As shown in Fig. 10, the beam is in compression
(rxx < 0) on the lower surface at the ends and in tension
(rxx > 0) throughout the rest at time equals zero from
the initial weight of the beam (note, the stress at is
rescaled by 200,000 for plotting purposes). Upon heating,
the beam is first displaced upwards (Fig. 9a) from thermal
expansion resulting in compression along most of the
lower surface and tension along most of the upper sur-
faces that is seen in Figs. 10 and 11. Continual heating
after the formation of char causes local tension from char
shrinkage. This is especially apparent in Fig. 11b at
t = 50 s where the local minimum and maximum in ryy

span the location of the pyrolysis center shown in
Fig. 5b. Comparing Fig. 10a with Fig. 11a it is apparent
that the distributions of rxx and ryy are very similar
except at upper surface where ryy ’ 3

7
rxx. The reason for

this is a consequence of the clamped beam boundary con-
dition for which the vertical displacement at x = 0.0 cm is
forced to zero. Under these conditions, ov/oy = 0, there-
fore ryy=rxx ¼ C12

C11
¼ 3

7
. However, at x = 5.0 cm the distri-

bution of rxx and ryy are very different as shown by
comparing Fig. 10b with Fig. 11b. The main reason for
these differences is the traction free boundary condition
imposed at y = 0 and 3.0 cm, forcing ryy to zero.

The difference in material expansion ahead of the pyro-
lysis front and contraction below the front also results in a
local maximum in rxy near the ends of the beam. Compar-
ing Fig. 12a with Fig. 5b shows that this peak corresponds
very well with the approximate position of the pyrolysis
center. This can be understood by considering the defini-
tion of rxy, rxy ¼ E

2ð1þmÞ ðou=oy þ ov=oxÞ. At the ends of
the beam, ou/oy is negligible because of the clamped
boundary condition (i.e., u = 0). The variation in vertical
displacement along the lower surface of the beam (i.e.,
ov/ox) therefore dictates the behavior of near the bound-
aries. If the beam is clamped at the ends then vertical ther-
mal expansion results in ov/ox < 0 and vertical contraction



Fig. 13. Distortion strain energy contour plots for heated clamped beam at times of (a) 10 s, (b) 50 s, (c) 200 s and (d) 800 s.
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from char formation will result in ov/ox > 0 near the left
end. The combination of these competing effects then
results in the local minimum and maximum observed in
Fig. 12a. At x = 5.0 cm the component of the shear stress
approaches zero since the vertical displacement is symmet-
ric about this line (i.e., ov/ox = 0). This distribution of rxy

suggests that the effects of heating on shear stress may not
necessarily be confined to the region of heating, but rather,
is more significant near the boundary where the composite
structural member is supported by a larger super-structure.

To further explore the time-dependent localization of
stresses, the distortion strain energy is plotted in Fig. 13
at times of (a) 10, (b) 50, (c) 200 and (d) 800 s. This quan-
tity is defined as:

Udistor ¼
1þ m

6E
½ðrxx � ryyÞ2 þ ðrxx � rzzÞ2 þ ðryy � rzzÞ2�

þ 1 ðr2
xy þ r2

yz þ r2
xzÞ
2G
and is often used to characterize the onset of failure of
materials when compared to relations for the yield surface.
The goal here is not to predict the failure. A complete mod-
el to predict the failure of composites would require the
intimate coupling and modeling of mesoscopic failure fea-
ture cascading into a larger global failure mode. As an
example, localized debonding of fiber and resin may lead
to localized kinking of a several laminate layers which then
result in global buckling of a structural member. The cur-
rent mechanical modeling can not be expected to predict
such failure. Nonetheless, it is useful to examine the total
distortion strain energy as to see where the most severe
stresses occur within the modeling assumptions employed.
Fig. 13 shows that early in the heating process the peak in
the strain energy occurs at the corners of the beam and
near the centers of the bottom and top surfaces. This early
time behavior is from the initial thermal expansion of the
beam. With continued heating, the distortion strain energy
at the corners decreases because of reduction in rxx after
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50 s as shown in Fig. 10a from char formation on the lower
surface. After 200 s, a clearly defined local strain energy
maxima is observed at the pyrolysis front because of the
large values of ryy at those locations, as was seen in
Fig. 11. After 800 s a large fraction of the beam is charred
putting the beam into compression on the upper surface
and tension near the bottom at x = 5 cm (see Fig. 10b).
This results in the two local maxima observed in Fig. 13d.

4. Conclusions

In this study a thermal–mechanical damage model is
developed for glass–phenolic composite materials. The
model formulation uses homogenization techniques for
both the thermal and mechanical fields. Closure models
for the thermal field are largely based on established
semi-empirical models taken from the literature. The
mechanical response model is developed by phase-averag-
ing the thermal linear elasticity equations. The result of this
procedure incorporates the effect of gas pressurization from
resin decomposition in a self-consistent manner. The gov-
erning equations are solved using a finite element method.
Modeling predictions of the thermal field show very good
agreement with experimental 1D measurements of the
time-dependent temperature and pressure fields. The model
is then exercised for the case of a 2D clamped beam for
which a plane strain assumption is imposed. The bifurca-
tion of the beam displacement is consistent with recent ana-
lytical theory and experimental observations of Liu et al.
[6]. That is, initially the beam bows away from the applied
heating load due to thermal expansion, but then bows
towards the applied heat load as sufficient char is formed
causing contraction [4]. The degradation of elasticity prop-
erties and the negative thermal expansion of the char are
therefore two dominant factors that determine the overall
deformation of the composite material. Results from these
cases indicated that the degradation of elasticity properties,
thermal expansion and pressurization for gas generation
cause local stress concentrations. The corresponding local
maxima in distortion strain energy are observed to be at
the ends of the clamped beam and at the pyrolysis front.
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